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Chapter 0

Weierstrass Preparation Theorem

0.1 01/18/2022
Convention: all local rings are assumed to be noetherian.

Theorem 0.1.1 . Suppose (R,m) is a complete local ring. M is an m-adically Hausdorff R-
module ( i.e.

⋂
mnM = 0). If x̄1, ..., x̄1 generate M/mM over R/mR, x1, ..., xn generate M over

R.

Proof. Take y ∈ M . Assume ȳ = Σλ̄ix̄i in M/mM , in which λ ∈ R and xi ∈ M . Then
y = Σλixi + y1 where y1 = Σµiαi in mM . We can write αi as αi = Σλijxj + βi, βi ∈ mM .
Combining the equations, we get y = Σ(λi + µiλij)xi + Σµiβi. Note that Σµiβi ∈ m2M . By
continuing the process and taking the limit, we get the equation y = Σγixi, γi ∈ R, since R is
complete and M is Hausdorff.

Theorem 0.1.2 (Weierstrass preparation theorem WPT).
Let (R,m) be a complete local ring, f ∈ R[[x]]. Assume that h is the smallest integer such that
ah /∈ m where f = Σaix

i (known as the order of f in R[[x]]). Then any g ∈ R[[x]] can be written
uniquely as g = qf + r, q ∈ R[[x]], r ∈ R[x] and deg(r) < h.

Proof. Let M = R[[x]]/(f). Since R is m-adically complete, R[[x]] is (m,x)-adically complete
and noetherian. Therefore (f) is closed in R[[x]], which is equivalent to say M is Hausdorff as
an R[[x]]-module, and thus as an R-module. Note that M/mM ≃ k[[x]]/(xh). Apply Theorem
0.1.1 to M , we conclude that M is generated by 1, x̄, ..., x̄h−1 as an R-module. Given any element
g ∈ R[[x]], we have g = qf + r where r =

∑
i<h pix

i, pi ∈ R. To prove the uniqueness statement,
it suffices to prove that if qf = r, r ∈ R[x], deg(r) < h, then q = 0. Suppose that q =

∑
n bnx

n,
i is the largest integer such that all an sit inside mi (exits since R[[x]] is Hausdorff), and j is the
smallest number such that bj /∈ mi+1. The coefficient of qf in degree h+j is bjah+

∑
i ̸=j biah+j−i.

Note that bjah ∈ mi−mi+1,
∑

i ̸=j biah+j−i ∈ mi+1. So this term is not 0, which is a contradiction
since the coefficient of r in degree h+ j is 0.

Exercise 0.1.3. f as above. Is R[[x]]/(f) a free R-mod with basis 1, x̄, ..., x̄h−1?
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Proof. We have the exact sequence

0→ K → Rh →M → 0

Tensoring by R/mR, we get

0→ K/mK → kh →M/mM → 0

Since we can write down a projective resolution for this particularM (e.g. 0→ R[[x]]→ R[[x]]→
M → 0, note that multiplication by f is injective), TorR1 (k,M) = 0. And this shows that the above
sequence is exact.

Corollary 0.1.4 . f as above. Then f = qf ∗ where f ∗ = xh +
∑

i<h γix
i, γi ∈ m, q is a unit in

R[[x]].

Proof. WPT implies xh = qf + r, r ∈ R[x], deg(r) < h. A similar argument as the uniqueness
part of the proof of Theorem 0.1.2 shows that i = 0, j = 0. So q is a unit.

Definition 0.1.5. Suppose f = qf ∗ as above. f ∗ is called the polynomial associated with f . Note
that (f) = (f ∗).

Exercise 0.1.6. f ∗ is unique, i.e., if f = qf ∗ and f = q′g, g ∈ R[x], g = xh −
∑
gix

i, then
g = f ∗.

Proof. By the solving equations f = qf ∗ and f = q′g, we have xh = q−1f −
∑

i<h aix
i and

xh = q′−1f −
∑

i<h gix
i. Thus q = q′, f ∗ = g by the uniqueness of factorization.

0.2 01/20/2022
Exercise 0.2.1. Let f1, ....ft ∈ R[[x]], each regular with respect to x of certain order. Then
(f1 · · · ft)∗ = f ∗

1 · · · f ∗
t . (Follows from exercise 0.1.6).

Proof. By corollary 0.1.4, fi = qif
∗
i . So f1 · · · ft = q∗1 · · · q∗t f ∗

1 · · · f ∗
t . On the other hand,

f1 · · · ft = q(f1 · · · ft)∗. Thus the conclusion follows from exercise 0.1.6.

Corollary 0.2.2 . Let Rn = k[[x1, ..., xn]], f ∈ Rn. Suppose f is regular with respect to xn of
order h (i.e. f is considered as an element in Rn−1[[xn]]). By WPT, we have the following,

(i) For g ∈ Rn, g = qf + r, where r ∈ Rn−1[xn] and deg(r) < h.

(ii) f = qf ∗, where f ∗ = xhn +
∑
rix

i, ri ∈ Rn−1.

(iii) Given f1, ..., fn ∈ Rn, each regular with respect to xn. Then (f1 · · · ft)∗ = f ∗
1 · · · f ∗

t .

Corollary 0.2.3 . Let C{x1, ..., xn} be ring of convergent power series of n variables. Then WPT
holds over C{x1, ..., xn}, i.e., given f of degree h in xn. For any g ∈ C{x1, ..., xn},

(i) there is a unique way to write g as g = qf + r, r ∈ Rn−1[xn], deg(r) < h.
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(ii) f = qf ∗, f ∗ ∈ Rn−1[xn], f ∗ = xhn +
∑
rix

i.

Proof. See [Zariski, Samuel, Commutative Algebra, Vol3]

Theorem 0.2.4 . Given f ∈ k[[x1, ..., xn]]. k is a field. There exists an automorphism ϕ of Rn

such that ϕ(f) is regular with respect to xn.

Proof.
Case 1 |k| =∞.
Claim: There exists a linear automorphism ϕ : Rn → Rn such that ϕ(f) is regular with respect to
xn.
Assume that ϕ(xi) =

∑
λijxj , λij ∈ k, 1 ≤ i ≤ n. We will determine λij by requiring

ϕ(f) is regular with respect to xn. f = fd + fd+1 + ... where fd is the first nonzero homo-
geneous component. fd =

∑
i1+···+in=d ai1,...,inx

i1 · · ·xinn . Applying ϕ to fd, we get ϕ(fd) =∑
i1+···+in=d ai1,...,in

∏
k(
∑
λkjxj)

ik . Note that this is the first homogeneous component of ϕ(f).
The coefficient of xdn in ϕ(fd) is

∑
i1+···+in=d ai1,...,inλ

i1
1n · · ·λinnn. We want to choose λin such that

this coefficient is not zero. By exercise 0.2.5, we can always find λin ∈ k such that fd(λ1n, ..., λnn) ̸=
0. Now complete the non-singular matrix [λij] with fixed last column. This matrix is the desired
linear transformation.
Case 2 |k| <∞.
The following proof doesn’t require k to be a field and irrespective of the cardinality of k. Assume
that ϕ(x1) = x1+x

u1
n , ϕ(x2) = x2+x

u2
n , . . . , ϕ(xn−1) = xn−1+x

un−1
n , ϕ(xn) = xn. Let xa11 · · ·xann

be the smallest term of fd (in lexicographic order). Set un−1 > an, un−2 > an−1un−1 + an,
ui > ai+1ui+1 + ai+2ui+2 + · · · + an, . . . . We also have ϕ(xa11 · · ·xann ) = (x1 + xu1

n )a1 · · ·xann .
The highest power of xn in this term is a1u1 + ... + an−1un−1 + an. The corresponding power
in the term xb11 · · ·xbnn of larger lexicographic order is b1u1 + ... + bn−1un−1 + bn. It is clear that
(b1 − a1)u1 + ...+ (bn−1 − an−1)un−1 + (bn − an) > 0 due to the way we choose ui. Why do we
not consider fd+1, fd+2, ... ?.

Exercise 0.2.5. Let T1, ..., Tn be n subsets of a infinite field k such that |Ti| = ∞ for 1 ≤ i ≤ n.
Then f can’t vanish on T1 × T2 × · · · × Tn.

Proof. The case n = 1 is clear. The general case follows by induction.

Corollary 0.2.6 . Suppose f1, ..., ft ∈ k[[x1, ..., xn]]. Then there exists an automorphism ϕ :
Rn → Rn such that ϕ(fi) is regular with respect to xn for all i.

Proof. Take f = f1 · · · ft. And apply theorem 0.2.4 to f .

Exercise 0.2.7. Let Rn = C[[x1, ..., xn]], {ft}1≤t≤∞ ∈ Rn. Show that there exist a linear auto-
morphism ϕ : Rn → Rn such that ϕ(ft) is regular with respect to xn for 1 ≤ t ≤ ∞.

Proof. By case 1 of theorem 0.2.4, it suffices to choose (λ1n, ..., λnn) ∈ Cn that sits inside the
intersection of all non-vanishing locus of ft for 1 ≤ t ≤ ∞. To start with, we may pick a point
s1 ∈ Cn such that f1 doesn’t vanish in the (closed) ball B1 centered at s1 of radius ϵ1. Then pick a
point s2 ∈ B1 such that f2 doesn’t vanish in the ball B2 centered at s1 of radius ϵ2 with ϵ2 < 1/2ϵ1.
By continuing this process, we get an infinite sequence {si}. Take (λ1n, ..., λnn) = limi→∞ si.
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Application 0.2.8.

(i) Suppose Rn = C{x1, ..., xn} or C[[x1, ..., xn]]. Then Rn is noetherian.
Take an ascending chain of ideals 0 ̸= I1 ⊊ I2 ⊊ ... in Rn. Pick 0 ̸= f ∈ I1. By applying
ϕ, we can assume that f is regular with respect to xn. By WPT, Rn/(f) is finitely generated
overRn−1. Thus is noetherian by the induction hypothesis. Consider the following ascending
chain of ideals in Rn/(f),

I1
(f)

⊊
I2
(f)

⊊ ...

This chain has to be stable at certain stage. Say In/(f) = In+1/(f) = .... Then In = In+1 =
.... So Rn is noetherian.

(ii) The ring of entire functions (i.e., convergent everywhere in Cn) is not noetherian.
It suffices to prove for the case n = 1. Let R be the ring of entire functions. Con-
sider In ={f ∈ R| f vanishes on 2nZ}. Then In ⊂ In−1. Since sin(πZ/2n) ∈ In but
sin(πZ/2n) /∈ In−1, In ⊊ In−1. So R is not noetherian.

Theorem 0.2.9 . Suppose Rn = C{x1, ..., xn} or C[[x1, ..., xn]]. Then Rn is a UFD.

Proof. Rn is a noetherian domain. Then Rn is a UFD if and only if every irreducible element of
Rn is a prime element. Let f be a irreducible element in Rn. Suppose that f |uv for u, v ∈ Rn.
We will show that f |u or f |v. Assume fg = uv, where g ∈ Rn. Then (fg)∗ = (uv)∗, i.e.,
f ∗g∗ = u∗v∗, for f ∗, g∗, u∗, v∗ ∈ Rn−1[xn]. All of then are monic and all coefficients of lower
terms are in mRn−1 . By induction on n, Rn−1[xn] is a UFD. We claim that f ∗ is irreducible in
Rn−1[xn]. If not, f ∗ = α(xn)β(xn) and f ∗ = xhn mod (x1, ..., xn−1). α(xn), β(xn) are monic
since f is monic. Thus the coefficient of the lower degree terms of both α(xn) and β(xn) are in
(x1, ..., xn−1). This shows that α(xn) and β(xn) are not units in Rn, which leads to a contradiction
since f = qf = qα(xn)β(xn). We have proved the claim that f ∗ is irreducible. To prove the
theorem, note that f ∗ is prime in Rn−1[xn]. So f ∗|u∗ or f ∗|v∗, which is equivalent to f |u or
f |v.
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Chapter 1

Cohen’s Structure Theorem

1.1 01/25/2022
Proposition 1.1.1 . The following statements are equivalent,

(i) Assume (A,m) is a local ring. k = A/m. F (x) ∈ A[x] is a monic polynomial. f(x) =
im(F (x)) ∈ k[x]. Suppose f(x) = g(x)h(x) such that (g(x), h(x)) = 1. Then there
exist polynomials G(x), H(x) such that F (x) = G(x)H(x) and g(x) = im(G(x)), h(x) =
im(H(x)).

(ii) Assume (A,m) is a local ring. k = A/m. F1, ..., Fn ∈ A[x1, ..., xn]. fi = F̄i ∈ k[x1, ..., xn]
for all 1 ≤ i ≤ n. If there exists (λi, ..., λn) ∈ kn such that fi(λ1, ..., λn) = 0 fpr 1 ≤ i ≤ n
and det(∂fi/∂xj(λ1, ..., λn)) ̸= 0. Then we can find (ai)i ∈ kn such that
(a) Fi(a1, ..., an) = 0.
(b) ai = λi mod m.

Definition 1.1.2. Any local ring (A,m) (quasi-local suffices) satisfies the conditions in proposi-
tion 1.1.1 is called a Henselian ring.

Theorem 1.1.3 (Hensel’s lemma). Suppose (A,m) is a complete local ring. Then A satisfies the
statement (ii) of proposition 1.1.1, i.e., A is Henselian.

Proof. There exist a lift (α1, ..., αn) ⊂ A such that fi(α1, ..., αn) = 0 mod m and αi = λi
for all i. Note that |∂Fi/∂xj(x1, ..., xn)| ̸= 0 mod m. So the matrix [∂Fi/∂xj(α1, ..., αn)]ij is
invertible over A, i.e., there exists B such that [∂Fi/∂xj(α1, ..., αn)]ij · B = 1. Suppose we
have constructed (αr

1, ..., α
r
n) satisfying Fi(α

r
1, ..., α

r
n) = 0 mod mr and αr

i = αi mod m for
1 ≤ i ≤ n. We want to produce (αr+1

1 , ..., αr+1
n ). Suppose αr+1

i = αr
i + ϵi, ϵi ∈ mr. By Tay-

lor expansion, Fi(α
r+1
1 , ..., αr+1

n ) = Fi(α
r
1, ..., α

r
n) +

∑
j ∂Fi/∂xj(α

r
1, ..., α

r
n)ϵj mod mr+1. Take

ϵj = −
∑

k BijFk(α
r
1, ..., α

r
n) for 1 ≤ i ≤ n. Then we have Fi(α

r+1
1 , ..., αr+1

n ) = 0 mod mr+1

and αr+1
i = α mod m. let ai = limr→∞ αr

i . By the continuity of polynomials, it follows that
Fi(a1, ...an) = 0 and āi = λi ∈ k.

Definition 1.1.4. Suppose (A,m) is a local ring. k is a field in A. Then A is equi-characteristic.
In contrary, if char(A) ̸= char(A/m), A is of mixed characteristic.
The followings are the only cases that are possible:
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(i) A and K = A/m are both of characteristic 0.

(ii) A and K are both of characteristic p.

(iii) A has characteristic 0, K has characteristic p.

(iv) A has characteristic pk, K has characteristic p. (Note that the characteristic of A has to be a
power of a prime.)

Theorem 1.1.5 . Suppose (A,m) is a complete local ring containing a field k (thus equi-charateristic).
Let K = A/m then A contains a copy of K.

Proof.
Case 1 char(k) = 0.
Denote by η : A→ A/m = K. Let F be the maximal field in A containing k. We will prove that
η(F ) = K. If not, we pick an element α ∈ K/η(F ). If α is transcendental over η(F ), we can
find a ∈ A such that η(a) = α and a is transcendental over F . Consider the map η : F [a] → K.
This map is injective because α is transcendental. Thus all nonzero elements in F [a] are units in
A. The fraction field F (a) ⊂ A is strictly larger than F so this contradicts with the maximality
of F . If α is algebraic over η(F ), denote by g(x) the minimal polynomial of α over η(F ). Since
char(k) = 0, we have g′(α) ̸= 0. Let G(x) be a lift of g(x), there is a such that G(a) = 0 and
η(a) = α by Hensel’s lemma. It is clear that G[x] is the minimal polynomial of a over F . So F [a]
is a field strictly containing F , which contradicts the maximality of F .
Case 2 char(k) = p, K is perfect.
Let F =

⋂
Apn . We will prove η(F ) = K. It suffices to prove that for every x ̸= 0 ∈ K, there

exists a unique y ∈ F such that η(y) = x. Suppose η(yn) = x1/p
n for all n, yn ∈ A. We have

η(yn) = η(ypn+1) = x1/p
n . So yn − ypn+1 = 0 mod m. (yn − ypn+1)

pn = yp
n

n − yp
n+1

n+1 = 0 mod
mpn . The sequence ypnn is a Cauchy sequence. Take y = limn→∞ yp

n

n . Then y ∈ F and η(y) = x.
For the uniqueness part, suppose y′ is another element in F such that η(y′) = x. Suppose zpnn = y
and z′p

n

n = y′ (exists because y, y′ ∈ F ). Then η(zn) = η(z′n) = x1/p
n , i.e., zn − z′n ∈ m.

y − y′ = (zn − z′n)p
n ∈ mpn for all n. Since

⋂
mn = 0 (followed by the explicit formula of limits

(..., 0, 0, 0)), y − y′ = 0.
Case 3 general case. (01/27/2022)
a) Suppose m2 = 0. So mp = 0 for p ≥ 2. We observe that Ap is a field. Suppose that x ∈ Ap

and x = yp, y ∈ A. Then y /∈ m since yp /∈ mp = 0, y is a unit in A. So x = yp is a unit in Ap.
Ap is a field. Let F be a maximal subfield of A containing Ap. If η(F ) ̸= K, let α ∈ K − η(F ).
Let a ∈ A be a lift of α. ap ∈ Ap ⊂ F . So αp ∈ η(F ), which means α is purely inseparable over
η(F ). The minimal polynomial for α over η(F ) is xp−αp. So xp− ap is irreducible over F . Then
we may conclude that F [a] is a field strictly containing F , which contradicts with the maximality
of F . Thus η(F ) = K.
b) In general, if A is a complete local ring, A = lim←−A/m

n. By induction, we may assume that
there is a field KnonA/m

n such that ηn(Kn) = Kn−1, where ηn is the connecting map in the
limit. We want to find a similar Kn+1 such that ηn+1(Kn+1) = Kn. Denote by R = η−1

n (Kn).
η−1
n (0) = mn/mm+1. Note that η−1

n (0)2 = 0, R/η−1
n (0) = Kn. If we can show that R is local,

we may apply a) to get the desired field Kn+1. Now we show that R is local. Let x ̸= η−1
n (0) in

R. Let y = η(x) ̸= 0 ∈ Kn. Suppose that y · u = 1 ∈ Kn. Take v ∈ R such that η(v) = u.
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So x · v = 1 + w in R where w ∈ mn. Also note that 1 + w is a unit in R since, for example,
(1+w) · (1−w) = 1−w2 = 1 mod mn+1. Thus x is a unit in R. R is a local ring. And this finish
the proof.

1.2 01/27/2022
Corollary 1.2.1 (Cohen structure theorem). Suppose (R,m,K = R/m) is a complete local ring
containing a field. Then A ≃ k[[x1, ..., xn]]/I , i.e. , A is the image of a power series ring over K.
More generally, suppose A ⊂ R is a subring such that A→ R→ K is onto. Then R is the image
of A[[x1, ..., xn]] for some n.

Proof. By assumption, R = A+m. So m = Am+m2, ..., mn = Amn +mn+1...
R = A+ Am+ Am2 + ...+ Amn +mn+1.
Take a generating set (f1, ..., fn) of m. Consider the map

A[[x1, ..., xn]]→ R, xi 7→ fi.

This map is clearly surjective.

Corollary 1.2.2 . Suppose (R,m,K = R/m) is a complete regular local ring of dimension n
containing a field. Then R ≃ K[[x1, ..., xn]].

Proof. We may assume thatm is minimally generated by a regular system of parameter (x1, ..., xn)
where n = dim(R). Consider the map

B = K[[x1, ..., xn]]
η−→ R, xi 7→ xi.

We need to show that the map η is an isomorphism. It is clear that η is surjective. To show the
injectivity, note that R is an integral domain. So η−1(0) is a prime ideal of R. So dim(R) =
dim(B)− ht(η−1(0)) = n. So η−1 = 0.

Corollary 1.2.3 . Suppose (R,m,K = R/m) is a complete local ring of dimension n containing
a field. Then R is a module finite extension of K[[x1, ..., xn]].

Proof. Take a system of parameter (x1, ..., xn) ofR. By definition, length(R/(x1, ..., xn)R) ≤ ∞.
Consider the map

A = K[[x1, ..., xn]]
η−→ R, xi 7→ xi.

LetmA be the maximal ideal ofA. SinceR/mAR is of finite length overR, it has finite length over
A (R and A have the same residue field). By theorem 0.1.1, R is a finitely generated R module.
So dim(A) = n. If ker(η) ̸= 0, dim(A/ker(η)) < dim(A) = n. But R is finitely generated over
A/ker(η), dim(R) = dim(A/ker(η)) = n. This leads to a contradiction. So η is injective. This
completes the proof.
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1.2.1 Mixed characteristic
Theorem 1.2.4 (Cohen structure theorem). Suppose (R,m,K = R/m) is a complete local ring
of mixed characteristic p, i.e., char(K) = p, char(R) ̸= p.

(i) p is not nilpotent in R, then R contains a complete discrete valuation ring (dvr) V with
maximal ideal pV and V/pV ≃ R/m = k.

(ii) p is nilpotent. Let n be the smallest integer such that pn1R = 0, then R contains a local ring
T of the form V/pnV where V is a complete dvr. The maximal ideal mV of V is generated
by p and T/pT ≃ R/m.

Corollary 1.2.5 . Suppose (R,m,K = R/m) is a complete local ring of mixed characteristic p.
Then R is the image of a power series ring V [[x1, ..., xn]] where V is a complete dvr such that mV

is generated by p and V/pV ≃ R/m = K.

Proof. See the proof of corollary 1.2.1

Corollary 1.2.6 . Suppose (R,m,K = R/m) is a complete local ring of mixed characteristic p.
p · 1R is a parameter in R. (This implies p is not nilpotent). Then there exists a complete dvr V
with mV = (p). And given any system of parameter (p, x2, ...xn) where n = dim(R), there exists
an injective homomorphism

A = V [[x2, ..., xn]]→ R

such that R is a module finite extension of A.

Proof. See the proof of corollary 1.2.3.

Corollary 1.2.7 . Suppose (R,m,K = R/m) is a complete regular local ring of mixed charac-
teristic p. Then

(i) If p /∈ m2, R ≃ V [[x2, ..., xn]] where dim(R) = n

(ii) If p ∈ m2, R ≃ S[xn]/(f(xn)), in which S = V [[x1, ..., xn−1]], f(xn) is an Eisenstein
polynomial over S, i.e. , f(xn) = xtn + a1x

t−1
n + a2x

t−2
n + ... + at where ai ∈ mS for

1 ≤ i ≤ t. at ∈ mS −m2
S . (Nagata, Local rings).

Example 1.2.8. Ẑp[[x1, ..., xn]]/(p− x21 − x22 − ...− x2n).

1.3 02/01/2022
We will use proposition 1.3.1 in the proof of case (ii) of corollary 1.2.7.

Proposition 1.3.1 . Suppose that (A,m) is a Henselian local domain. B is also a domain. A →
B is an integral extension. Then

(i) If x is a nonzero nonunit element in B, there exists a polynomial f(x) = xt + a1x
t−1 + ...+

at ∈ A[x] such that f(x) = 0 , ai ∈ m for 1 ≤ i ≤ t.
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(ii) B is quasi-local.

Proof. (i) Given x ̸= 0 ∈ B. Let f(x) = xt + a1x
t−1 + ... + at ∈ A[x] be of minimal degree

such that f(x) = 0. We claim that ai ∈ m for 1 ≤ i ≤ t. To prove the claim, take a maximal
ideal q ⊂ B that contains x. q ∩ A = m since A → B is integral. By the equation xt + a1x

t−1 +
... = −at, at ∈ A ∩ q = m. Let i be the largest number such that ai /∈ m. So in A/m[x],
f̄(x) = xt + ā1x

t−1 + ... + āix
t−i = xt−ig(x), where (xt−i, g(x)) = 1. Since A is henselian, this

factorization lifts. We get f(x) = H(x) · G(x), where H(x) is monic of degree t − i. G(x) is
monic of degree i. Since B is a domain, one of H(x), G(x) has to be 0. And this contradicts with
the assumption that f is the minimal polynomial.
(ii) Suppose m1 and m2 are two different maximal ideals in B. Let x ∈ m1 − m2. Since xt =
−(a1xt−1 + ... + at) with ai ∈ m, xt ∈ mB. xt ∈ m2 implies x ∈ m2 and this leads to a
contradiction.

Proof. proof of corollary 1.2.7.

(i) p /∈ m2.
Take a set of regular system of parameters of R, say (p, x1, ..., xn−1). Consider the onto map:

S = V [[x1, ..., xn−1]]
η−→ R

Note that dim(S) = dim(R) = n, S is a domain. So ker(η) = 0.

(ii) p ∈ m2.
dim(R/pR) = dim(R)−1. Choose a system of parameters (x1, ..., xn−1) ofR/pR such that
by adding xn, (x1, ..., xn−1, xn) forms a minimal set of generators of m. Consider the map:

S = V [[x1, ..., xn−1]]
η−→ R

Note thatR/mSR is of finite length (as an S-module) and thus is generated by 1, xn, ..., x
t−1
n .

So R is an S-module generated by 1, xn, ...x
t−1
n (Theorem 0.1.1). Since R is integral over S,

S is Henselian, xn is a root of the polynomial of minimal degree f(x) = xt+a1x
t−1+ ...+at,

ai ∈ mS . It suffices to show that at ∈ mS −m2
S . By assumption p ∈ m2. So p =

∑
λixi

where λi ∈ m. λi =
∑

j cijx
j
n where cij ∈ S for j ≥ 1 and ci0 ∈ m ∩ S = mS (R is

generated by xjn as S-module). By combining these equations, we get p = b0+
∑

1≤i≤n bix
i
n,

where b0 =
∑

1≤i≤n−1 ci0xi ∈ m2
S (Note that the index i here is strictly less than n. This is

why we need to combine the equations, rather than just using the fact that R is generated by
xin). Now consider the function g(x) =

∑
1≤i≤n bix

i
n + b0 − p. It is clear that xn is a root of

g(x) and the constant term of b0− p is in mS −m2
S (since p ∈ mS −m2

S). Being the minimal
polynomial of xn, f(x)|g(x). So at|b0 − p, at ∈ mS −m2

S . This completes the proof.

Definition 1.3.2. Suppose (A,m,K = A/m) is a complete local ring. Then

(i) If A is equi-characteristic, any copy of K ⊂ A is called a coefficient field of A.

(ii) If A is of mixed-characteristic p ≥ 0, a copy of V (resp. T = V/pnV ) is called a coefficient
ring of A.
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Exercise 1.3.3.

1. Suppose (A,m,K = A/m) is local. char(A) = p ≥ 0. L =
⋂
Apn . Is L a field? (Hint:

L ∩m =?).

Proof. L∩m =
⋂
mpn = 0. The second equality holds by Krull’s intersection theorem.

2. If A = C[[x]], prove that A has an automorphism ψ such that ψ(π) = π + x, ψ(x) = x.

Proof.
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Chapter 2

Zariski’s Main Theorem

2.1 02/01/2021
LetX = C[x1, ...xn]/I = V (I) ∈ Cn. X has Zariski topology and complex topology (denoted

by X̃). We can define the sheaf OX̃ by Γ(U,OX̃) = {f : U → C| ∀x ∈ U ∃ open V ⊂ Cn and an
analytic function g : V → C such that g

∣∣
U∩V = f}.

Note that Γ(U,OX) ⊂ Γ(U,OX̃).
For an affine variety X , (X̃,OX̃) is called an analytic set. If X is a variety over C, (X̃,OX̃) is

called an analytic space.

Definition 2.1.1. Let (X̃,OX̃) be a variety over C. (X̃,OX̃) is the corresponding analytic space.
S is the set of all singular points inX . For x ∈ S a closed point, take a complex neighborhood U of
x. We can write U as the union of its complex connected components U−U∩S = V1∪V2∪. . .∪Vn.
Then V1, ..., Vn are called branches of x in X .

Example 2.1.2. X = V (y2 − x2(1 + x)).

Example 2.1.3. X = V (z2 − xy). A = C[x, y, z]/(z2 − xy).

Exercise 2.1.4. Show that A in 2.1.3 is normal. (Hint: Serre’s criterion).

2.2 02/03/2022
There are different versions of Zariski’s Main Theorem.

1. (Original version) Suppose that X and X ′ are varieties over k. X is normal. If f : X ′ → X
os a birational morphism with finite fibres. Then f is a open immersion.

2. (Topological version) Suppose that X is a normal variety over C. S is the set of all singular
points. x is a closed point. Then x has a fundamental system of open (complex) neighbor-
hoods Ui such that Ui − Ui ∩ S is connected.

3. (Power series form) Suppose X is a normal variety over k. x is a closed point. Then O∧
X,x is

a normal domain.
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4. (Grothendieck form) Suppose thatX andX ′ are varieties over k. f : X ′ → X is a morphism

with finite fiber. Then we have a factorization of f , X ′ f ′
−→ Y

g−→ X where f ′ is an open
immersion and g is a finite morphism.

5. (Connectedness form) Suppose X ′ and X are varieties over k. S = X ′ → X is a birational
proper morphism. x ∈ X is a closed point. Assume that X is normal at x, i.e., OX,x is
normal. Then f−1(X) is connected.

Theorem 2.2.1 (Zariski’s Main Theorem due to C. Peskine). Suppose A ⊂ B are commutative
rings such that A is integrally closed in B. And there exists t1, ..., tn ∈ B such that B is integral
over A[t1, ..., tn]. Let Q ∈ Spec(B) and P = Q ∩ A in Spec(A). Suppose that Q is isolated in
the fibre over P (i.e., Q is both maximal and minimal in f−1(P ) = Spec(k(p)⊗AB)). Then there
exists an element c ∈ A− P such that Ac = Bc.

Proof.
Step 1
In this step, we will show that it suffices to prove the theorem in the case n = 1.
Assume that the theorem holds for n = 1. Denote by B0 the integral closure of A[t1, ..., tn−1] in
B. Define Q0 = Q ∩ B0. Consider B0 ↪−→ B0[tn] ↪−→ B. Then Q is isolated over Q0 because
Q is isolated over P . By assumption, there exist λ ∈ B0 − Q0 such that B0λ = Bλ. We claim
that Q0 is isolated over P . To prove the minimality, assume that τ ⊂ Q0 is a prime lying over
P . Since B0λ = Bλ. There is a unique prime ideal τ̃ ∈ B such that τ̃ ∩ B0 = τ . So τ̃ lies
over P . This contradicts the minimality of Q. To prove the maximality, assume that Q0 ⊂ S0

is a prime lying over P . Consider the maps k(p) ↪−→ k(p) ⊗ Q0 ↪−→ k(p) ⊗ B/Q. Since B
is integral over A[t1, ..., tn], k(p) ⊗ B/Q is integral over k(p)[t1, ..., tn]. Note that k(p) ⊗ B/Q
is a field (since Q is isolated). Thus k(p)[t1, ..., tn] is a finite algebraic field extension of k(p).
(We are using the fact that k[x1, ..., xn] = k(x1, ..., xn) if and only if x1, ..., xn are algebraic over
k, which follows form Noether normalization). Since k(p) ⊗ B0/Q0 is integral over the field
k(p)[t1, ..., tn−1], k(p) ⊗ B0/Q0 is a field. So S0 = Q0. By induction on n, we know that there
exists µ ∈ A− P such that Aµ = B0µ. Take λ ∈ B0µ = Aµ. Then Aµλ = Bµλ.
Step 2
By step 1, we may assume that n = 1. Let J = AnnA[t]B/A[t]. Note that J is the largest
among the ideals of A[t] that are also ideals of B. Consider the case J ̸⊂ Q, A ↪−→ A[t] = B.
Without loss of generality, by localizing at P , we may assume that A is local. We want to show
that A = B in this case. Consider the map k(p) → k(p)[t]. If t is transcendental over k(p),
Q cannot be isolated over 0. So t is algebraic over k(p). Denote the maximal ideal of A by m.
tr = a1t

r−1+ ...+ar = 0 in B/mB. Equivalently, tr +a1tr−1+ ...+ar =
∑

i uit
i, where ui ∈ m.

So αn+1t
n+1 + ... + a0 = 0 in B. One of αi for i ≥ 1 is a unit. If n = 0, α1t + α0 = 0. Thus

t = α0/α1 ∈ A. A = B. If n ≥ 0. By multiplying αn
n+1, αn+1t is integral over A. Since A is

integrally closed in B, αn+1t ∈ A. If αn+1 is a unit in A, A = B follows trivially. If αn+1 is not
a unit in A but αn+1t is a unit in A, (αn+1t)

−1αn+1 = t−1 ∈ A. If t−1 ∈ m ⊂ A, t−1 ∈ Q ⊂ B,
which leads to a contradiction. So t−1 /∈ m. And thus A = B. If αn+1t is not a unit of A. We have
(αn+1t+ αn)t

n + ...+ α1t+ α0 = 0. Note that one of the coefficients of positive degree terms is
a unit. We may repeat the above argument and conclude that A = A[t] = B. This finish the proof
for the case J ̸⊂ Q and A[t] = B. For the case J ̸⊂ Q and A[t] ↪−→ B is an integral extension
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(02/08/2022), denoted by q = Q ∩ A[t]. Since Q is maximal in the fiber over p and A[t] ↪−→ B is
integral, q is maximal in the fiber over p in A[t]. Also note that J ̸⊂ q. A[t]q = Bq (recall that
J = AnnA[t]B/A[t]). So q is also a minimal prime in the fiber over p in A[t]. We may apply the
previous case and conclude that there exists an element c ∈ A− p. Ac = A[t]c. Bc is integral over
A[t]c = Ac. Ac is integrally closed in Bc. So Ac = Bc. This finished the proof of the case J ̸⊂ Q.
Now it suffices to prove that the case J ⊂ Q is impossible. In particular, we will show that Q is
not isolated in this case.
By proposition 2.3.2, we may assume that B is a finitely generated A[t]-module. Let n ⊂ B be
a minimal prime containing J and contained in Q. m = n ∩ A. Consider the maps A/m →
A/m[t]→ B/n. We claim that t is transcendental over A/m. To prove the claim, we suppose that
t is lagebraic over A/m. By localizing at m, we may assume A is local, J = AnnAm[t](Bm/Am[t])
(Note that this is not true for B that is not finitely generated). A/m is a field. Consider A/m →
A/m[t] → B/n. And t satisfies a monic polynomial f(x) in A/m. In other words, there exists
a polynomial F (x) ∈ A[x] such that F (t) ∈ n. Since nBn is a minimal prime containing JBn.
F (t)r ∈ JBn. Thus there exists v ∈ B−n such that vF (t)r ∈ J . Let D = A[t, vB] ⊂ B. Since A
is integrally closed in B, A is integrally closed in D = A[t, vB]. Note that F (t)rD ⊂ A[t] (since
J is an ideal in both A[t] and B). By lemma 2.3.1, A[t] = D, i.e., vB ⊂ A[t]. So v ∈ J . But this
is a contradiction since v ∈ B − n, J ⊂ n. This shows that t is transcendental over A/m. Now
we will do the last part of the proof. We have prime ideals m ⊂ A, n ⊂ B as above. By abusing
of notations, we write A = A/m and B = B/n. Note that A and B are integral domains. Assume
that A∗ (resp. A[t]∗, B∗) are the integral closure of A (resp. A[t], B). Let Q∗ be the prime ideal
lying over Q. Let p∗ = Q∗ ∩ A∗. Then Q∗ is isolated in the fiber of p∗. Since A[t] is a polynomial
ring (t is transcendental). There doesn’t exists any isolated prime in A[t] lying over p∗. So Q∗

is not isolated in the fiber of p∗ since B∗ is integral over A∗[t]. This completes the proof of the
theorem.

2.3 02/08/2022
Lemma 2.3.1. Suppose that we have A ↪−→ A[t] ↪−→ B. A is integrally closed in B. The map
A[t] ↪−→ B is integral. Assume that there exists a polynomial F (t) such that F (t)B ⊂ A[t]. Then
B = A[t].

Proof. Take 0 ̸= b ∈ B. Then F (t)b = G(t) ∈ A[t]. By division algorithm, G(t) = F (t)q(t) +
r(t), where deg(r(t)) < deg(F (t)). Let s = b− q(t) ∈ B. F (t)s = r(t). F (t) = (1/s)r(t). Thus
t is integral over A[1/s]. Since s is integral over A[t] and A[t] is integral over A[1/s], s is integral
over A[1/s]. Thus s is integral over A by clearing the denominators. s ∈ A since A is integrally
closed. Then b ∈ A[t]. B = A[t].

Proposition 2.3.2 (Reduction to the finitely generated case). Suppose that we haveA ↪−→ A[t] ↪−→
B. A is integrally closed in B. The map A[t] ↪−→ B is integral. J = AnnA[t](B/A[t]) ⊂ Q. Then
to prove the theorem 2.2.1, it suffices to prove it for finitely generated A[t]-module B.

Proof. Denote q = A[t] ∩ Q. k = k(p) = Ap/pAp. Consider the maps k → k[t] → Bp/pBp =
k ⊗A B. Then q = (f(t)), i.e., generated by one element. f(t) ∈ QBp/pBp. QBp/pBp →
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BQ/pBQ. Since QBQ is the minimal prime containing pBQ, QBQ is nilpotent in pBQ. So f(t)r =
0 for some r. F (t)r ∈ pBQ. vF (t)r ∈ pB with v ∈ B − Q. Thus we have the equality vF (t)r =∑

1≤i≤n pibi. Consider the ring B̃ = A[t, v, b1, ..., Bn] ⊂ B. Let Q̃ = Q ∩ B̃. Since B̃ is a finitely
generated A[t]-algebra and B is integral over A[t], B̃ is a finitely generated A[t]-module. Now in
order to applying the assumption, we show that Q̃ is minimal in the fiber over p (Note that it is
maximal due to the integrability). By contradiction, assume that there is a prime ideal τ ⊂ Q̃ lying
over p. pB̃ ⊂ τ . So vF (t)r ∈ τ for v /∈ Q̃. Then F (t)r ∈ τ . F (t) ∈ τ . So τ lies over q. But this is
a contradiction since A[t]→ B̃ is integral. The by assuming the theorem for the finitely generated
case. We conclude that AC = B̃c → Bc. Since Ac is integrally closed in Bc, Ac = Bc.

In the rest of this section, we will explore the relations between different versions of Zariski’s
main theorem.

Remark 2.3.3. Theorem 2.2.1 implies [1. original version].
It suffices to argue locally. Assume that A → B is a map of rings. B is a finitely generated A-
algebra. K(A) = K(B) since the map is birational. Then A is integrally closed in B. So there
exits c ∈ A − p such that Ac = Bc. Ap = BQ. If Q′ is another isolated prime over p. Ap = BQ′ .
For any reduced irreducible separated scheme X , given two distinct points x and y, there is no
local ring O ⊂ K(X) containing both OX,x and OX,y. So the fiber of p in B contains only one
point. And this shows that Spec(B)→ Spec(A) is an open immersion.

Remark 2.3.4. [3. Power series form] implies [2. Topological form].
Note that OX̃,x ↪−→ O∧

X,x is a domain.
Theorem (Gunning and Rossi) If OX̃,X is a domain, X has a fundamental system of open neigh-
borhoods Ui such that Ui − Ui ∩ S is connected.

For [3. Power series form] implies [1. original form], we will prove the following.

Proposition 2.3.5 . Let (A,m) ⊂ (A′m′) be local domains. K(A) = K(A′). A is normal.
Suppose the followings are true,

(i) A is analytically irreducible, i.e., A∧ is a domain.

(ii) dim(A) = dim(A′).

(iii) lengthA′(A′/mA′) is finite (This imples lengthA(A′/mA′) is finite by (ii)).

Then A = A′.

Proof. (02/10/2022) Denote the inclusion A → A′ by ϕ. Denote the induced map A∧ → A
′∧ by

ϕ∧. (iii) implies that lengthA∧(A
′∧/mA

′∧) <∞. Since A∧ is complete. A′∧ is a finitely generated
A∧-module (Theorem 0.1.1). So dim(A

′∧) = dim(A∧/ker(ϕ∧)) ≤ dim(A∧) = dim(A) =
dim(A′) = dim(A

′∧). By (i), A∧ is an integral domain. So ker(ϕ∧) = 0. Take an element
x ∈ A′. We will show that x ∈ A. Since K(A) = K(A′), x = b/c where b, c ∈ A. Note that
x is integral over A∧ (since A′∧ is a finitely generated over A∧). We have (b/c)n + α1(b/c)

n−1 +
... + αn = 0 where αi ∈ A∧. By clearing the denominators, bn + α1b

n−1c + ... + αnc
n = 0. So

bn ∈ (bn−1c, ..., cn)A∧. Since the map A → A∧ is faithfully flat, bn ∈ (bn−1c, ..., cn)A. There
exists a1, ..., an ∈ A such that xn+a1xn−1+ ...+an = 0. Equivalently, x is integral over A. Since
K(A) = K(A′) and A is normal, x ∈ A.
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Remark 2.3.6. [3. Power series form] implies [1. original version] Let f : X ′ → X be a
birational map with finite fiber. X is a normal scheme. Assume that f takes x′, x′′ ∈ X ′ to x ∈ X .
By proposition 2.3.5, OX,x = OX′,x′ and OX,x = OX′,x′′ . So x′ = x′′. f is an open immersion.

Remark 2.3.7.
Not all integral domains are analytically irreducible. For example, letA = k[x, y]/(y2−x2(1+x)).
A∧ = k[[x, y]]/(y − x

√
1 + x)(y + x

√
1 + x).

2.4 02/10/2022

2.4.1 Generalization of [4. Grothendieck form]
Theorem 2.4.1 . Let f : X → Y be a morphism of preschemes. Y is locally noetherian
prescheme. If f is proper, f∗OX is a coherent OY -algebra and there exists a commutative dia-
gram

X Y ′

Y

f ′

f
g

where g is a finite map, f ′ is proper and OY ′ = f∗(OX) (as OY -modules). Furthermore, for every
y′ ∈ Y ′, f ′−1(y′) is connected and nonempty.

Corollary 2.4.2 . The number of connected components of f−1(f(x)) equals the number of
points in g−1(f(x)).

Theorem 2.4.3 (Zariski’s Main Theorem). In the same setup with theorem 2.4.1, let X ′ = {x′ ∈
X|x′ is isolated in the fiber f−1(f(x′))}. Then X ′ is open in X and f ′

∣∣
X′ is an isomorphism with

image U ′ an open set in Y ′. Moreover, f ′−1(U ′) = X ′.

Theorem 2.4.4 (Zariski’s Main Theorem). Let f : X → Y be a quasi-projective morphism.
Assume that Y is a scheme. Then X ′ (the same as in theorem 2.4.3) is isomorphic to an open
subset in Y ′ where Y ′ is finite over Y . (Applying theorem 2.4.3 to PY (E) → Y as the diagram
below.)

X PY (E) Y ′

Y

open

f g
finite

Corollary 2.4.5 . Let X = Spec(B), Y = Spec(A) (in fact Y can be any noetherian scheme).
Let f : A → B be a map of commutative rings. B is a finitely generated A-module via this map.
Assume that A is noetherian. Denote by q a point in Spec(B). Denote by p = A ∩ q. If q is
isolated in the fiber over p, there exists a module finite extension Y ′ = Spec(A′) of Spec(A) such
that A′

q′ = Aq.
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2.4.2 Generalization of [5. Connectedness form]
Theorem 2.4.6 (Stein Factorization). Let Y be a quasi-compact scheme. f : X → Y a separated
map of finite type with finite fiber. Then we can factor the map f as follows,

X Y ′

Y

f ′

f
g

where f ′ is an open immersion and g is finite.
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Chapter 3

Derivations and Smoothness

3.1 02/10/2022
Definition 3.1.1. Suppose R is a commutative ring. M is an R-module. D : R → M is called a
derivation if D is additive and satisfies the Leibniz rule, i.e., D(b1b2) = b1D(b2) +D(b1)b2.

Remark 3.1.2. If A = ker(D) is a ring, D is A-linear.

This intrigues us to make the relative definition as follows:

Definition 3.1.3. Suppose R is a commutative A-algebra. M is an R-module. Then D : R→M
is a derivation over A if D is A-linear and D satisfies the Leibniz rule. Note that this implies
D(A) = 0. Let DerA(R,M) denote the set of all A derivations of R to M .

Remark 3.1.4. If char(R) = p > 0, D(xp) = pxp−1D(x) = 0. So Rp ∈ ker(D). D vanishes on
ARp.

Lemma 3.1.5. R is an integral domain. L is a field contains R. Suppose that R → L is a
derivation. Then D can be extended to a derivation D′ : Q(R)→ L.

Proof. Define D(r/s) = (sD(r)−D(s)r)/s2. Check that this is well-defined.

Lemma 3.1.6. IfD : R→ S is a derivation. D can be extended to a derivationD′ : R[x1, ..., xn]→
S[x1, ..., xn].

Proof. D′(f(x1, ..., xn)) =
∑
ai1,...,inx

i1 · · ·xinn . TakeD′(f(x1, ..., xn)) =
∑
D(a1, ..., an)x

i1 · · ·xinn .
Check that this satisfies the Leibniz rule.

Proposition 3.1.7 . DerR[x1,...,xn]/R is a freeR[x1, ..., xn]-module with basis {∂/∂xi, i = 1, ..., n}.

Proof. If
∑
fi

∂
∂xi

= 0 for some fi ∈ R[x1, ..., xn],
∑
fi

∂
∂xi

(xi) = fi = 0. So ∂
∂xi

are linearly
independent over A. Take D ∈ DA/R. Consider D′ = D −

∑
D(xi)

∂
∂xi

. Note that D′(xi) = 0 for
all 1 ≤ i ≤ n. So D′ = 0. D =

∑
D(xi)

∂
∂xi

.

Remark 3.1.8. If f : R→ S is a map of commutative rings over A, DerA(R, S) is an S-module.

Exercise 3.1.9. Let A = R[xa]a∈I where |I| = ∞. {Da = ∂
∂xa
} ⊂ DR/A is linearly independent

over A. Do they span DR/A?

Proof. No. Clearly the derivation δ defined as δ(xa) = 1 for all a ∈ I is not in the span.
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3.2 02/15/2022
Definition 3.2.1. Suppose that A is a noetherian commuative ring. A is called pseudo-geometric
if for all p ∈ Spec(A) and all finite field extension L over k(p), the integral closure of A/p in L is
a finitely generated A/p-module.

Theorem 3.2.2 (Nagata-Zariski). Let A be a pseudo-geometric dedekind domain. Let R be a
local domain essentially of finite type over A (i.e., it is a localization of a finitely generated A-
algebra). Then the integral closure R′ of R in Q(R) is a finitely generated R-module and R is
analytically unramified (i.e. R∧ does not have any nilpotent element). If R is normal, then so is
R∧.

Corollary 3.2.3 (corollary of proposition 3.1.7). Suppose L = k(x1, ..., xn)/k has transcenden-
tal degree n. Derk(L,K) = DL/K is a free F -module of dimension n with basis ∂

∂x1
, ... ∂

∂xn
.

Proposition 3.2.4 . Let k(x1, ..., xn) ⊂ L be a finitely generated field extension over k. Suppose
that D is a derivation on k, D : k → L. Given any u1, ..., un ∈ L. Then there exists an extension
D′ : k(x1, ..., xn) → L such that D′(xi) = ui for 1 ≤ i ≤ n if and only if for all f ∈ k[x1, ..., xn]
such that f(x1, ..., xn) = 0, fD(x1, ..., xn)+

∑
ui

∂f
∂xi

(x1, ..., xn) = 0. Moreover, such an extension
is unique.

Proof. (⇒) Suppose that f(x1, ..., xn) = 0. D′f(x1, ..., xn) = fD(x1, ..., xn)+
∑
ui

∂f
∂xi

(x1, ..., xn) =

0. (←) For f(x1, ..., xn) ∈ k[x1, ..., xn]. Define D′(f) = fD +
∑
ui

∂f
∂xi

(x1, ..., xn) = 0. Note
that f(x1, ..., xn) = g(x1, ..., xn) implies (f − g)(x1, ..., xn) = 0 and thus D′(f) = D′(g). D′ is
well-defined. D′ is unique by definition.

Corollary 3.2.5 .

(i) Consider k(x)/k where x is transcendental over k. D : k → L is a derivative. Given any
u ∈ L, there exist a unique extension D′ of D such that D′(x) = u.

(ii) Suppose that K = k(S) is an transcendental extension of k where S is a set of transcendental
generators (xα)α∈I . Given any (uα)α∈I , there exists a unique extension D′ ∈ Derk(K,L)
such that D′(xα) = uα for all α. ( by Zorn’s Lemma).

(iii) Consider k(x)/k where x is separable over k. Then k(x) = k[x]/(f(x)) where f ′(x) ̸= 0.
For u ∈ L such that fD(x) + uf ′(x) = 0, i.e. u = −fD(x)/f ′(x). Thus D has a unique
extension to k(x).

(iv) Consider k(xα)α∈I = K a separable extension of k. Then D ∈ Derk(k, L) has a unique
extension D′ : K → L such that D′(xα) = uα where uα are uniquely determined. (by Zorn’s
Lemma).

(v) Consider K = k(x)/k where x is purely inseparable over k (char(p) > 0, for x /∈ k,
xp

n ∈ k). k(x) = k[x]/(xp
n − a). That u ∈ L, there exists extension D′ ∈ Derk(K,L) of D

if and only if pnxpn−1u−D(a) = 0, i.e. D(a) = 0.
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(vi) Consider k(xα)α∈I = K a purely inseparable extension of k. Suppsoe D(aα) = 0. Then
given (uα)α∈I . There exists a unique extension D′ of D such that D′(xα) = uα.

Remark 3.2.6. Note that for any field extension K/k, there is a tower k
tr
↪−→ k(xα)

sep
↪−→ F

insep
↪−−−→

K.

Theorem 3.2.7 . Suppose that char(k) = p > 0. F/k a finite field extension. Assume [F : K] =
pn and F p ∈ k. Then we have the following,

(i) There exists x1, ..., xn ∈ F such that F = k(x1, ..., xn) where xj+1 /∈ k(x1, ..., xj).

(ii) There existsD1, ..., Dn ∈ DF/k such thatDi(xi) = 1,Di(xj) = 0 for i ̸= j and rank(DF/k) =
n. D1, ..., Dn form a basis of DF/k.

Proof. (i) Take x1 ∈ F − k, xp1 ∈ k and [k(x1) : k] = p (note that [k(x1) : k] is at most p).
Suppose that k(x1, ..., xj) have been constructed. Then takle xj+1 ∈ F − k(x1, ..., xj). Since
F p ⊂ k(x1, ..., xj).
(ii) Apply corollary 3.2.5 (v) to construct Di. The proof of the rest of the statement is the same as
in proposition 3.1.7.

Remark 3.2.8. xi11 · · ·xinn for 1 ≤ ij < p form a basis pf F/k. Such a basis is called a p-basis of
F/k. p-basis satisfies property (ii).

Corollary 3.2.9 . Suppose char(L) = p. D ∈ Derk(L, F ). Note that D vanishes on K(Lp) ⊂
L. Then K(Lp) = {x ∈ L such that all D ∈ DL/k vanish on x}.

Proposition 3.2.10 . Suppose that K = k(x1, ..., xn) is a finitely generated field extension of k.
Then K/k is a separably algebraic extension if and only if 0 is the only k-derivation of k.

Proof. (⇒) done above.
(⇐) Let j be the largest integer such thatK is not separable over k(x1, ..., xj). If xj+1 is either tran-
scendental or inseparable over k(x1, ..., xj). If xj+1 is transcendental over k(x1, ..., xj), then there
is a nonzero extension D. And D can be extended uniquely to K. This leads to a contradiction. If

xi is inseparable. Then k(x1, ..., xj)
sep
↪−→ k(x1, ..., xj, x

pt

j+1)
purely insep
↪−−−−−−−→ k(x1, ..., xj, xj+1)

sep
↪−→ K.

Thus we may choose a nonzero extension for the second inclusion above.

Exercise 3.2.11. LetK = k(x1, ..., xn) = k[x1, ..., xn]/(f1, ..., fn) be an algebraic field extension
over k. Then K/k is separable if and only if det( ∂

∂xj
(x1, ..., xn)) ̸= 0.

Proof. By proposition 3.2.4,
∑
ui

∂fj
∂xi

= 0. So ui have to be 0 since the Jacobian is invertible.
Then by proposition 3.2.10, K is separable over k. The converse is just similar.
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3.3 02/17/2022
Theorem 3.3.1 . LetK = k(x1, ..., xn) be a finitely generated field extension of k. Then rank(DK/k) =
s where s is the smallest integer such that there exists u1, ..., us ∈ K and K/k(u1, ..., us) is a sep-
arably algebraic extension.

Proof. If char(k) = 0, the assertion follows easily by taking u1, ..., us a transcendental basis of
K/k. Assume char(k) = p. IfK is a separably algebraic extension of k(v1, ..., vt), thenDK/k ≤ t.

Note that there is an tower k ↪−→ k(Kp)
purely insep
↪−−−−−−−→ K. So DK/k = DK/k(Kp). By the theorem

3.2.7, there exists u1, ..., us ∈ K such that K/k(Kp) = k(Kp)(u1, ..., us) and [K : k(Kp)] = ps.
A basis of derivations is D1, ..., Ds ∈ DK/k(Kp). rank(DK/k) = s. Now we need to show that
K is separably algebraic over k(u1, ..., us) i.e., we need to show that 0 is the only k(u1, ..., us)-
derivation of K. Suppose that there exists a derivation D′ : K → L ∈ Derk(K,L) such that
D′|k(u1,...,us) = 0. D′ =

∑
D′(ui)Di since D′ ∈ DK/k(Kp). Thus D′ = 0.

Remark 3.3.2. If char(K) = p. Let K/k be a finitely generated field extension. Then K =
k(Kp) implies that K is a separably algebraic extension over k. However, this is not true if K/k is
infinitely generated.

3.3.1 Module of differentials
Let A → B be a map of commutative rings. The module of differential of B over A is a B-

module ΩB/A with (A-)derivation d : B → ΩB/A such that for anyB-moduleM ,HomB(ΩB/A,M) ≃
DerA(B,M) (⋆). In other words, DerA(B,−) is (co)represented by ΩB/A in Mod(B).

We may take the standard construction of ΩB/A as follows. Consider the short exact sequence

0→ I → B ⊗A B
η−→ B → 0

Note that I is generated by {1⊗b−b⊗1|b ∈ B} as an ideal. Indeed, if η(
∑
bi⊗ci) =

∑
bici = 0,∑

bi ⊗ ci =
∑
bi ⊗ ci − (

∑
bici)⊗ 1 =

∑
bi ⊗ 1(1⊗ ci − ci ⊗ 1).

Definition 3.3.3. ΩB/A = I/I2. This is a B-module with module structure given by multipli-
cation b(1 ⊗ x − x ⊗ 1) = b ⊗ x − bx ⊗ 1. The derivation d : B → I/I2 is defined by
d(b) = 1⊗ b− b⊗ 1 in I/I2. Note that d(b1b2) = b1d(b2) + b2d(b1).

Given D ∈ DerA(B,M), there is ϕD : cdb 7→ cD(b), ϕD ∈ HomB(ΩB/A,M). This induces
an isomorphism between DerA(B,M) and HomB(ΩB/A,M). We may also define ΩX/Y = I/I2
for schemes X and Y .

There is another way to define ΩB/A. Namely, ΩB/A = B⊗AB/R where R is a left B-module
given by {1⊗ bb′− b⊗ b′− b′⊗ b| b, b′ ∈ B}. The differential is defined by d : B → ΩB/A, d(b) =

1⊗ b. Consider the short exact sequence

0→ I → B ⊗A B → B → 0

This sequence admits a splitting B → B ⊗A B, b 7→ b ⊗ 1. So B ⊗A B ≃ B ⊗ id ⊕ I as
a B-module. In B ⊗A B/R, 0 = 1 ⊗ b · 1 − b ⊗ 1 − 1 ⊗ b = −b ⊗ 1. So b ⊗ 1 ∈ R. Then
B ⊗A B/R ≃ (B ⊕ I)/R = I/I2.
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Example 3.3.4. Note that ΩB/A is generated by db as a B-module. If B is an A-algebra, B =
A[xα]α∈I . Then ΩB/A is a B-module generated by {dxα}α∈I .

Example 3.3.5. If B = A[xα]α∈I , (xα)α∈I are transcendental elements. Then ΩB/A is a free B-
module generated by {dxα}α∈I . It remains to show that {dxα}α∈I are linearly independent. Let
Dα : B → B be the derivation such that Dα(xα) = 1, Dα(xβ) = 0. Consider the finite sum∑
fαdxα = 0. Since the is a map of B-modules ΩB/A

D̃α−−→ B where D̃α(dxα) = 1, D̃α(dxβ) = 0.
By applying D̃α to the equation, we get fα = 0.

Remark 3.3.6. Suppose A→ B is a map of commutative rings. If B = A/I . Then DB/A = 0 .

Exercise 3.3.7. Consider the commutative square

A B

A′ B′

There is a natural map ϕ : ΩB/A⊗B′ → ΩB′/A′ , db⊗b′ → b′db. Show that the following statements
are true

1. Suppose that B′ = B ⊗A A
′. Then ϕ is an isomorphism.

2. Suppose that S is a multiplicative subset of B. Then ΩS−1B/A = S−1ΩB/A.

Proposition 3.3.8 . If A→ B → C are ring homomorphisms. We have the exact sequence

ΩB/A ⊗ C
u−→ ΩC/A

v−→ ΩC/B → 0 (⋆)

Moreover, u has a left inverse if and only if any A-derivation of B into a C-module T can be
extended to an A-derivation of C into T .

Proof. (⋆) is exact if and only if for allC-module T , 0→ HomC(ΩC/B, T )→ HomC(ΩC/A, T )→
HomC(ΩB/A⊗C, T ) is exact. Or equivalently, if and only if 0→ DerB(C, T )→ DerA(C, T )→
DerA(B, T ) is exact. This is straightforward. u splits in (⋆) if and only if for all C-module
T , HomC(ΩC/A, T ) → HomC(ΩB/A ⊗ C, T ) → 0 is exact. Equivalently, DerA(C, T ) →
DerA(B, T ) is onto.

Exercise 3.3.9.

1. Suppose that A→ B is a map. B = B1 ⊕B2. Then ΩB/A ≃ ΩB1/A ⊕ ΩB2/A.

2.
A B1

B2 B1 ⊗A B2

Show that ΩB/A ≃ ΩB1/A ⊗B ⊕ ΩB2/A ⊗B.
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Theorem 3.3.10 . Suppose that A→ B → C = B/I . Then we have the following

(i) I/I2 d−→ ΩB/A ⊗ C → ΩC/A → 0 is exact, where d(x) = dx⊗ 1.

(ii) Ω B
I2

/A ⊗ C ≃ ΩB/A ⊗ C.

(iii) d has a left inverse if and only if in the sequence 0 → I/I2 → B/I2
η−→ B/I = C → 0, η

has a A-algebra splitting: C → B/I2.

Proof. (i) d is well-defined. For x, y ∈ I , d(xy) = xdy + ydx. So d(xy) = 0 ∈ C. For
exactness, show that fpr all C-module T , 0 → HomC(ΩC/A, T ) → HomC(ΩB/A, T ) →
HomC(I/I

2, T ) is exact. Equivalently, 0 → DerA(C, T ) → DerA(B, T ) → HomB(I, T )
is exact.

(ii) Note that for any C = B/I-module T , DerA(B, T ) = DerA(B/I
2, T ).

(iii) Due to (ii), we can assume that B = B/I2. Suppose that d has a left inverse v. Then
D : B

d⊗idC−−−→ ΩB/A ⊗ C
v−→ I is a derivation such that D

∣∣
I
= idI . Take u = idB − D.

Note that u is an A-algebra map. Indeed, u(xy) = xy −D(xy) = xy − xD(y) − yD(x) =
(x − D(x))(y − D(y)) = u(x)u(y) since D(x)D(y) ∈ I2 = 0. Moreover, u

∣∣
I
= 0. Thus

u factor through u : B/I → B. It is clear that ηu = idC . Conversely, given a splitting u
of η. Take u = B → B/I

u−→→ B. D = u − idB. We can show that D is a derivation
in DerA(B, I) ≃ HomB(ΩB/A, I) ≃ HomC(ΩB/A ⊗ C, I). The image of D under the
isomorphism above is a splitting of d.

Exercise 3.3.11. B is a commutative ring. ϕ : Bm → Bn is a map of B-modules. Show that
coker(ϕ) = 0 if and only if the n× n minors of ϕ generates the unit ideal of B.

3.4 02/22/2022
Example 3.4.1. Consider the map A → B = A[x1, ..., xn] → C = A[x1, ..., xn]/(f1, ..., fm) =

B/I . By theorem 3.3.10, there is an exact sequence I/I2 d−→→ ΩB/A⊗C → ΩC/A → 0. Recall that
ΩB/A is a free B-module of rank n that is generated by dx1, ..., dxn. d(f) =

∑
1≤i≤n

∂f
∂xj
dxj ⊗ 1.

Therefore, ΩC/A = coker(Cm J−→ Cn) where J = [ ∂fi
∂xj

] is the Jacobian matrix. By exercise 3.3.11,
ΩC/A = 0 if and only if the n×n minors of J generate the unit ideal of C. In particular, if m < n,
ΩC/A = 0.

Exercise 3.4.2. Let k be a ring. Consider the rings k → A → B = A[x1, ..., xn] → C = B/I
where I = (f1, ..., fn). Determine ΩC/k.

Exercise 3.4.3.

1. K is a finitely generated separably algebraic field extension over k if and only if ΩK/k = 0.
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2. Use the results of derivations to conclude about the rank of ΩK/k, K is a finitely generated
field extension.

Exercise 3.4.4. Consider field extensions k ↪−→ K ↪−→ L. If L/K is a finitely generated extension.
Show that rank(ΩL/K) ≥ rank(ΩK/k) + trdeg(L/K). The equality holds if and only if L is
separably generated over K.

Exercise 3.4.5. Let A = k[x, y]/(y2 − x3) where k is a field. Show that ΩA/k has torsion (as an
A-module).

Exercise 3.4.6. Suppose A→ Bλ are commutative rings. B = lim−→Bλ. Then ΩB/A = lim−→ΩBλ/A.

Remark 3.4.7. What we are not covering in this notes.
IfA,B are topological rings. A→ B is a continuous map. B⊗AB has the tensor product topology.
Then I/I2 has the induced topology. And ΩB/A is a topological module over B. d : B → ΩB/A is
a continuous derivation. However, ΩB/A is not necessarily Hausdorff. For example, consider k →
k[[x]]. Ωk[[x]]/k is not Hausdorff (in characteristic 0, rank(Ωk[[x]]/k) =∞) and Ω∧

k[[x]]/k ≃ k[[x]].

3.4.1 Separability
Lemma 3.4.8. Let k ↪−→ K be an algebraic field extension. Then the following are equivalent,

(i) K is separable over k.

(ii) K ⊗k K
′ is reduced for any field extension K ′ of k.

(iii) K ⊗k K
′ is reduced for any algebraic field extension K ′ of k.

(iv) K ⊗k K
′ is reduced for any finite field extension K ′ of k.

Proof. (i)⇒ (ii). Take x =
∑

1≤i≤nλi⊗ui
∈ K ⊗k K

′. It is clear that we may assume that K is a
finitely generated extension over k. Since K is separable over k, by taking primitive elements y,
K = k(y) = k[Y ]/(f(Y )) where f ′(Y ) = 0. Note that there exists an embedding of the algebraic
closure K ′ ↪−→ k. Thus K⊗kK

′ = K ′[Y ]/(f(Y )) = K ′[Y ]/(f1(Y ) · · · fn(Y )) in which fi(Y ) are
distinct irreducible polynomials inK ′. By Chinese remainder theorem,K ′[Y ]/(f1(Y ) · · · fn(Y )) =
⊕K ′[Y ]/(fi(Y )). It is reduced since all the summands are fields. (ii)⇒ (iii)⇒ (iv) are obvious.
For (iv)⇒ (i). We may assume that K is generated by an algebraic element x over k. If K is not
separable, there exists a tower of fields k ↪−→ k(xp

t
) ↪−→ k(x) where the first injection is separable.

So there exists a minimal polynomial of x such that f(xpt) = 0. By adjoining pt-th roots of coeffi-
cients of f , we have g(x)pt = 0. Note that it is not possible that all pt-th roots of coefficients in f
are already in k. So K ′ is strictly larger than k. g(x) ̸= 0 ∈ K ⊗k K

′.

Definition 3.4.9. Let k be a field. Let A be a k-algebra. A is a separable k-algebra if A ⊗k k
′ is

reduced for every algebraic field extension k′ over k.

Remark 3.4.10. If A is separable over k, any k-subalgebra of A is separable over k. Conversely,
if every finitely generated k-subalgebra is separable over k, A is separable over k.
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Lemma 3.4.11. Let K/k be a separably generated field extension. If A is a reduced k-algebra,
K ⊗k A is reduced.

Proof. We may assume that A is a finitely generated k-algebra. Since A is reduced, 0 = p1 ∩
p2 ∩ · · · ∩ pi. There is an inclusion A ↪−→ ⊕A/pi ↪−→ ⊕Q(A/pi) = ⊕ki. It suffices to prove that
K ⊗k k

′ is reduced. For any finitely generated field extension k′ over k. Since K is separably
generated over k. We can find a set of transcendental basis {xα} such that K is separable over
k(xα). K ⊗k k

′ = (K ⊗k(xα) k(xα))⊗k k
′ ↪−→ K ⊗k(xα) k

′(xα). The right hand side is reduced by
assumption.

Corollary 3.4.12 . K is separably generated over k implies that K is a separable k-algebra.

Remark 3.4.13. Suppose that k is perfect. Then a k-algebra A is separable if and only if A is
reduced.

3.5 02/24/2022
Theorem 3.5.1 . Let k → K be a finitely generated field extension. The followings are equiva-
lent,

(i) K is separable over k.

(ii) K ⊗k k
1/p is reduced.

(iii) K is separably generated over k.

Proof. (i) ⇒ (ii) follows by definition. (iii) ⇒ (i) is clear. Now we prove (ii) ⇒ (iii). Let
r = trdegk(K). Suppose that K = k(x1, ..., xr, xr+1, ..., xn) where x1, ..., xr is a transcenden-
tal basis of K. Assume that xr+1, ..., xq are separably algebraic over k(x1, ..., xr) and xq+1, ..., xn
are not separably algebraic over k(x1, ..., xn). Let y = xq+1. Denote the minimal polynomial of
y by F (x, Y p) ∈ k(x)[Y ]. F (x, Y p) =

∑
ai(x)/bi(x)Y

pi . By clearing the denominators and
by Gauss’ lemma, we can assume that F (x, Y p) ∈ k[x, y]. We claim that for some 1 ≤ i ≤ r,
∂F
∂xi
̸= 0. If ∂F

∂xi
= 0 for all i, F (x, yp) = G(xp, yp). Let {ai1...ir} be the coefficient of F .

k′ = k(a
1/p
i1...ir

) ↪−→ k1/p. By assumption, k[x1, ..., xr, y]/(F (x, yp)) ⊗ k′ ↪−→ K ⊗k k
1/p is reduced.

Note that k[x1, ..., xr, Y ]/(G(xp, Y p)) ⊗ k = k′[x1, ..., xn, y]/(G(x, y))
p. The fact that G(x, y)

is nilpotent leads to a contradiction. This proves the claim. If ∂F
∂xi
̸= 0, xi is separably alge-

braic over k(x1, ..., xi−1, xi+1, ..., xr, y). So k(x1, ..., xr, xr+1, ..., xq, y) is separably algebraic over
k(x1, ..., xi−1, xi+1, xr, y). Note that y is transcendental over k. So we may repeat this process. It
follows that k is separably algebraic by this ’changing of transcendental basis’ technique.

Exercise 3.5.2. Let K/k be a finitely generated extension. Suppose that K is not separable over
k. Then show that there exists a finite extension k′ of k in k1/p such that K(k′) is separable over
k′.
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Proof. Note that it suffices to prove for K/k having one inseparable algebraic generator. Take the
same k′ as in the proof of theorem 3.5.1. Unlike the proof of the theorem, ∂F

∂xi
= 0 for all i since

the contrary shows K/k is separable. Then K(k′) = k′[x1, ..., xn, Y ]/G(x, Y ). Thus K(k′) is
separable over k′.

Corollary 3.5.3 . Suppose that A is separable over k. Then for any extension k′ of k. A⊗k k
′ is

reduced.

Proof. A ⊗k k
′ ↪−→ A ⊗k k

′ = A ⊗k k ⊗k k
′. Note that A ⊗k k is reduced and k is perfect. So

A⊗k k ⊗k k
′ is reduced by remark 3.4.13.

Exercise 3.5.4. Let k be a field. K = k(x, x1/p, x1/p
2
, ...). Show that K is separable over k but

not separably generated.

Proof. For any k ↪→ k′ finite extension of k, we have K ⊗ k′ = k′(x, x1/p, x1/p
2
, ...) is reduced

hence K/k is separable.
Note that x is transcendental, x1/p is algebraic over k(x), and x1/p2 is algebraic over k(x, x1/p) . . . .

So TrdegK/k = 1. Suppose we take any transcendental basis y = a0x + a1x
1/p + . . . anx

1/pn .
Consider x1/pn+1 which satisifes anzp + an−1z

p2 + · · · + a0z
pn+1 − y = 0, hence it’s inseparable.

So we can not find a transcendental basis {y} so that K is separable over k(y).

Exercise 3.5.5. Consider Q ↪−→ Q. Show that Q⊗Q Q is reduced and Q⊗Q Q is not noetherian.

Proof. Q is perfect. So Q⊗QQ is reduced. 0→ I → Q⊗QQ→ Q→ 0. If Q⊗QQ is noetherian,
ΩQ/Q is a finite Q-vector space, i.e., DerQ(Q,Q) is a finite dimensional Q vector space. However,
we know that Gal(Q/Q) is infinite. trying to relate the galois group to the derivatives

If Q⊗Q Q is noetherian, ΩQ/Q = Q⊗Q Q/R is noetherian. Why does being noetherian imply
ΩQ/Q is a finite Q-vector space?

Definition 3.5.6. Consider k ↪−→ K a field extension and char(k) = p > 0. Then K is called
linearly disjoint if

K ⊗k k
1/p ϕ−→ K(k1/p), x⊗ y 7→ xy

ϕ is an isomorphism.

Exercise 3.5.7. k ↪−→ K is separable if and only if K, k1/p are linearly disjoint.

Proof. If k ↪→ K is not separable, then take any finite extension k ⊂ L ⊂ K, L is finite separable
over k, by Proposition 3.5, L⊗k k

1/p is not reduced. Since L⊗k k
1/p ↪→ K ⊗k k

1/p, K ⊗k k
1/p is

not reduced thus ϕ can’t be an isomorphism.
Suppose k ↪→ K is separable. Note that ϕ is surjective since K,K1/p ⊂ Imϕ. Suppose

x = Σaixi, y = Σbjyj such that xy = 0, then (xy)p = Σapix
p
i b

p
jy

p
j = 0. Then

(Σaixi ⊗ Σbjyj)
p = (Σapix

p
i b

p
jy

p
j )⊗ 1 = 0

since yj ∈ k1/p ⇒ ypj ∈ k. But K ⊗k k
1/p is reduced, hence ϕ is injective.
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Definition 3.5.8. Let A → B be a ring homomorphism. B is called finitely presented over A if
there exists a set of generators (as a A-algebra) x1, ..., xn over B such that the kernel of the map
η : A[x1, ..., xn]

η−→ B is a finitely generated ideal of A.

Exercise 3.5.9. Suppose B is finitely presented with respect to a set of generators. Then B is
finitely presented with respect to another set of generators.

Definition 3.5.10. Let A → B be a ring homomorphism. B is called essentially of finite type
over A if B is a localization of a finitely presented A-algebra.

Definition 3.5.11. Let A → B be a ring homomorphism. B is called essentially finite over A if
B is a localization of a finitely presented A-module.

Theorem 3.5.12 (Another version of ZMT). Let (A.m) ↪−→ (B, n) be a quasi-local extension es-
sentially of finite type. Suppose that B/mB is a finite dimensional vector space over A/m. Then
B is essentially finite over A.

Definition 3.5.13. Let f : A → B be a (resp. finitely presented) ring homomorphism. Then B
is called quasi-unramified (resp. unramified) over A if given any A-algebra C and an ideal I of C
such that I2 = 0 and a map h : B → C/I making the following diagram commute,

A B

C C/I

f

g h
η̃

η

there exists at most one lift of h such that η ◦ h̃ = h. In other words, the map HomA(B,C) →
HomA(B,C/I) is injective.

Definition 3.5.14. B is called quasi-smooth (resp. smooth) if for I2 = 0, HomA(B,C) →
HomA(B,C/I) is surjective.

Definition 3.5.15. B is called quasi-étale (resp. étale) if for I2 = 0,HomA(B,C)→ HomA(B,C/I)
is bijective.

Theorem 3.5.16 . A → B is quasi-étale (resp. étale) if and only if it is quasi-unramified (resp.
unramified) and quasi-smooth (resp. smooth).

Proposition 3.5.17 . Let A
f−→ B

g−→ E be ring homomorphisms. If f, g are quasi-unramified,
quasi-smooth, quasi-étale (resp. unramified, smooth, étale), g ◦ f is also quasi-unramified, quasi-
smooth, quasi-étale (resp. unramified, smooth, étale).

Proposition 3.5.18 . Being quasi-unramified, quasi-smooth, quasi-étale (resp. unramified, smooth,
étale) is stable under pushout (tensor product of rings). In particular, ifA→ B is quasi-unramified,
quasi-smooth, quasi-étale (resp. unramified, smooth, étale), the scheme theoretic fiber k(p) →
k(p) ⊗A B over p ∈ Spec(A) is also quasi-unramified, quasi-smooth, quasi-étale (resp. unrami-
fied, smooth, étale).
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Remark 3.5.19. (Some facts)

(i) Suppose M is a projective (resp. finitely presented) A module. Then SA(M) (symmetric
algebra) is quasi-smooth (resp. smooth) over A. In particular, A[xα]α∈I is quasi-smooth
(smooth) for |I| <∞.

(ii) A→ B is quasi-unramified (unramified) if and only if ΩB/A = 0.
(⇒)

A B

B ⊗A B/I
2 B ⊗A B/I

id
ϕ1

ϕ2

ϕ1 : b 7→ 1⊗ b, ϕ2 : b 7→ b⊗ 1. By assumption, ϕ1 = ϕ2. So 1⊗ b− b⊗ 1 ∈ I2. I = I2 and
thus ΩB/A = 0.
(⇐) Assume that ΩB/A = 0. Suppose g has two lifts g1 and g2. Then η(g1 − g2) = 0 ∈ C/I .
g1 − g2 : B → I is a A-linear derivation of B into I since I2 = 0. So HomB(ΩB/A, I) ≃
DerA(B, I) ̸= 0. This leads to a contradiction since ΩB/A = 0.

(iii) A→ S−1A is quasi-étale (étale). Note that 1+a for a ∈ I is a unit inC since (1+a)(1−a) =
1− a2 = 1.

Remark 3.5.20. (Timmy) The definition of smoothness here coincides with the definition involv-
ing the naive cotangent complex (See definition 10.137.1 of The Stacks Project) due to theorem
3.3.10 (iii).

3.6 03/01/2022
Example 3.6.1. Let k i−→ k(x) be a finite separable extension. Then i is a étale morphism. As-
sume k(x) = k[x]/(f(x)), f ′(x) ̸= 0. Consider the diagram

k k[x]/(f(x))

C C/I

g

η

Note that g(f ′(x)) is a unit in C/I . Since I2 = 0, any preimage of g(f ′(x)) in C is a unit. Assume
x 7→ u ∈ C, f ′(u) is a unit in C. Suppose that f(u) ̸= 0. By solving the equation f(u + δ) = 0
for δ ∈ I , we get δ = −f(u)/f ′(u). Then there exists a unique lift g̃ of g such that η ◦ g̃ = g.

Corollary 3.6.2 .

(i) Let k ↪−→ K be a finitely generated field extension. Suppose that K/k is separable. Then
K/k is smooth.

k
tran
↪−−→ k(x1, ..., xn)

f.sep
↪−−→ K.

k
smooth
↪−−−−→ k[x1, ..., xn]

étale
↪−−→ k(x1, ..., xn)

étale
↪−−→ K
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(ii) Let X be a variety over k. k is a perfect field. Then k ↪−→ k(X) is separable and k ↪−→ k(X)
is smooth.

Remark 3.6.3. Ley k ↪−→ K be a separable field extension. K = lim−→Ki where Ki is finitely
generated over k. Then Ki are smooth over k. It is true that K is also smooth over k. We may
prove this by using Hochschild homology.

The converse of the above is also true. If K/k is smooth, then K/k is separable. To prove this
we need the notion of formal smoothness.

Definition 3.6.4. Consider topoligical rings A, B. Suppose that C and C/I has discrete topology.
Consider the following commutative diagram of continuous ring homomorphisms

A B

C C/I

f

g h

η

where I2 = 0. Then A→ B is called formally unramified (resp. formally smooth, formally étale)
if and only if

Homcont
A (B,C)→ Homcont

A (B,C/I)

is injective (resp. surjective, bijective).

Exercise 3.6.5. Suppose B has J-adic topology where J is an ideal of B. Then quasi-unramified
(resp. quasi-smooth, quasi-étale) implies formal unramified (resp. formal-smooth, formal-étale).

Proof. It suffices to prove for any ring map g̃ : B → C a solution of lifting problem, g̃ is contin-
uous. Suppose that g̃(b) = c and g(b) = c′ where b ∈ B, c ∈ C, c′ ∈ C/I . Since g−1(c′) is open.
There exists an neighborhood b+Jn such that g(b+Jn) = c′, i.e., g̃(Jn) ⊂ I . So g̃(J2n) ⊂ I2 = 0.
Then we have g̃(b+ J2n) = c. This proves the continuity of g̃.

Example 3.6.6. Let k ↪−→ k[[x1, ..., xn]] be formally smooth with (x1, ..., xn)-adic topology.

k k[x1, ..., xn] = B k[[x1, ..., xn]] = A

C C/I

f h

g

η

Since g is continuous, m̂t ⊂ g−1(0). Note that B is quasi-smooth hence formally smooth. So there
is a map η′ : B → C which makes the diagram commute. Again η′ factor through B/ms ≃ A/m̂s.

There is a map η̃ = A→ A/m̂n ≃ B/mn η′−→ C for some large n.

Theorem 3.6.7 . let k be a field. k ↪−→ A a noetherian local ring equipped with m-adic topology.
Suppose k ↪−→ A is formally smooth. Then A is regular local.

Theorem 3.6.8 . If k ↪−→ K is smooth, K/k is separable.
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Proof. It suffices to prove that for any finite field extension k′ of k, k′ ⊗k K is reduced. It is clear
that k′ ⊗k K is a finite vector space over K. So k′ ⊗k K is Artinian. It follows that k′ ⊗k K =
A1 × · · · × An where Ai are local rings. The assumption that k → K is smooth implies that
k′ → k′ ⊗k K is smooth. Therefore k′ → Ai is smooth. By theorem 3.6.7, Ai is regular local. So
each Ai is a domain. And k′ ⊗k K is reduced.

Lemma 3.6.9. (idempotent lifting) Let A be a commutative ring. I is a nilpotent ideal. Then
{Indempotents of A} bijection←−−−→ {Idempotents of A/I}.

Proof. We want to show that every idempotent e ∈ A/I has a unique lift as an idempotent in A.
Suppose that e is a preimage of e under the map A

η−→ A/I . Let f = 1− e. So ef ∈ I . (ef)n = 0
for some n. Then 1 = (e+ f)2n+1 = en(en+1 + efs) + fn(fn+1 + eft). Let e′ = en(en+1 + efs)
and f ′ = fn(fn+1 + eft). e′(1 − e′) = e′f ′ = enfn(en+1 + efs)(fn+1 + eft) = 0. So e′ is also
an idempotent. η(e′) = en(en−1 + efs) = e2n−1 = e. This proves the existence of the lifting. For
the uniqueness, suppose that there exists two lifts e, e′ of e. It is clear that e = e′ + u, u ∈ I . So
e = en = (e′ + u)n = e′u′. Similarly, e′ = ev. Thus e = e′u′ = e′e′u′ = e′e = eve = ev = e.

Exercise 3.6.10. The map A → B1 × B2 × · · · × Bn is unramified/smooth/étale if and only if
A→ Bi is unramified/smooth/étale for all 1 ≤ i ≤ n.

Proof. It follows by checking the lifting diagram componentwise.

Theorem 3.6.11 . Let A be a finitely generated k-algebra. The followings are equivalence,

(i) A is étale over k.

(ii) A is unramified over k.

(iii) A ≃ k1 × k2 × · · · kn where each kn is a finitely separated extension.

(iv) k ⊗k A ≃ k ⊕ k ⊕ · · · ⊕ k.

Proof. (i)⇒ (ii) and (iii)⇒ (iv) are clear. (ii)⇒ (iii). let p be a prime ideal of A. We claim that
p is a maximal ideal. Note that both k → A and A → A/p are unramified. Since A/p → k(p)
is étale, k → k(p) is unramified. And thus k(p)/k is a finite separable extension (see exercise
3.4.3 and remark 3.5.19 (ii)). A/p is a finite dimensional k-subspace of k(p). So A/p is a field
(if s ∈ A/p is not invertible, A/p[1/s] would be infinite dimensional). This proves the claim and
equivalently, A is Artinian. A can be written as a product of local rings A = A1 × · · · ×An where
Ai is unramified over k (see exercise 3.6.10). Let mi be the maximal ideal of Ai. We will show
that mi = 0. We claim that the following exact sequence splits,

mi/m
2
i

d−→ ΩAi/k ⊗ Ai/mi → Ω Ai
mi

/k
→ 0

By theorem 3.3.10 (iii), d splits if and only if η splits as a k-algebra map in the following sequence,

0→ mi/m
2
i → Ai/mi

ηi−→ Ai/mi(= Li)→ 0
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Since Ai/m
2
i is a complete local k-algebra (m2

i = 0), it contains a copy of Li by theorem 1.1.5.
This provides us a splitting in the above sequence. Moreover, since ΩAi/k and Ω Ai

mi
/k

are 0,

mi/m
2
i = 0 and thus mi = 0.

(iii) ⇒ (i) by example 3.6.1. It remains to prove (iv) ⇒ (iii). Note that A → A ⊗k k = ⊕k is
integral since k → k is integral. By going up, all prime ideal ofA are maximal. SinceA is reduced,
by Chinese remainder theorem, A ≃ A/m1 ⊕ · · · ⊕ A/mn where mi is a maximal ideal of A. It
is also clear that A (thus Ai) is a finite dimensional k-vector space. Since K ⊗k A is reduced for
all algebraic extension K/k, each A/mi is a finite separable extension of A. Thus A is étale over
k.

3.7 03/03/2022
Definition 3.7.1. If B = (A[x]/(F (x)))g and F ′(x) is a unit in B, we say that B is a standard
étale extension over A.

Proposition 3.7.2 . Let A→ B be a map of commutative rings.

(i) B = (A[x]/(F (x)))g such that F ′(x) is a unit in B. Then B is étale over A.

(ii) B = (A[x1, ..., xn]/(F1(x), F2(x), ..., Fn(x)))g such that det(∂Fi

∂xj
) is a unit in B. Then B is

étale over A.

Proof. We will prove (ii). It suffices to assume g = det(∂Fi

∂xj
).

A B

C C/I

f

l h

η

Suppose that h(xi) = di in C/I . Then g(d1, ..., dn) is a unit. For any c1, ..., cn set of lifts of
d1, ..., dn, g(c1, ..., cn) is a unit since I2 = 0. Consider the following equations for δi ∈ I ,

η(ci + δi) = di, Fi(c1 + δ1, c2 + δ2, ..., cn + δn) = 0

for all 1 ≤ i ≤ n. It follows that Fi(c1+δ1, c2+δ2, ..., cn+δn) = Fi(c1, ..., cn)+
∑
δi

∂Fj

∂xi
(c1, ..., cn).

Since g(c1, ..., cd) = det(∂Fi

∂xj
)(c1, ..., cd) is a unit in C, the above equation has a unique solution

for δ1, ..., δn. Thus A→ B is étale.

Remark 3.7.3.

(i) If ΩB/A is a finitely generatedB-module, ΩBp/A = (ΩB/A)p for any prime ideal p ∈ Spec(B).
If moreover ΩBp/A = (ΩB/A)p = 0, there exists s ∈ B/p such that ΩBs/A = 0. So A → Bs

is unramified. Being unramified is local.
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(ii) Let A→ B be a map. Q is a prime ideal in B and Q ∩ A = P . If (ΩB/A)Q = 0, ΩBQ/A = 0
and thus ΩBQ/AP

= 0.

(iii) As in (i), ΩBs/A = 0. So ΩBP /AP
= 0. So ΩB⊗Ak(p)/k(p) = 0, B ⊗A k(p) = ⊕ki each ki is

finite separable extension of k(p) (theorem 3.6.11). Every prime in the fiber of p along the
map A→ Bs is isolated.

Exercise 3.7.4. let (A,m), (B, n) be local rings. A→ B is a local map essentially of finite type.
Then A → B is essentially unramified if and only if mB = n, A/m → B/n is a finite separable
extension.

Proof. Let A→ B = Cp where p ∈ specC, C a finitely generatedA-algebra. Suppose A→ B is
essentially unramified, then B is a localization of an unramified A-algebra, say D. A→ B = Dq,
q ∈ specD, A → D is unramified, ΩD/A = 0 ⇒ ΩDq/A = 0 ⇒ ΩCp/A = 0 ⇒ (ΩC/A)p =
0 ⇒ ∃s ∈ C \ p,ΩCs/A = 0. By replacing C with Cs, we may assume A → C unramified
and C a finitely generated A-algebra. Then A/m ↪→ C/mC is a finitely generated k-algebra. By
the previous proposition, C/mC ∼= C1 × C2 × · · · × Cn, Ci finite separable extension over k.
B/mB = Cp/mCp = (C/mC)p ∼= Cip

∼= Ci for some i. Thus mB = n and B/mB = Ci a finite
separable extension of k.

Conversely, if mB = n, A/m ↪→ B/mB is a finite separable extension. Since A → B
essentially of finite type, A → B = Cp where C is a finitely generated A-algebra, then k =
A/m ↪→ B/mB = Cp/pCp a finitely generated k-algebra, unramified.

Thus Ω (C/mC)p
A/m

= 0⇒ ∃s /∈ p,Ω (C/mC)s
A/m

= 0.

From the following,

A Cs

A/m Cs/mCs

, Ω (C/mC)s
A/m

∼= ΩCs/A ⊗Cs Cs/mCs = 0. Since

ΩCs/A is a finitely generated Cs-algebra. By Nakayama’s, ΩCs/A = 0. ThusA→ Cs is unramified,
A→ B is essentially unramified.

We may freely drop the word ’essentially’ since everything is local. Let k = A/m and K =
B/n. Then (⇒) by remark 3.7.3. (⇐) ΩK/k = ΩB/A ⊗A k = 0. So ΩB/A ⊗A k ⊗k K =
ΩB/A ⊗B K = 0. By the fact that ΩB/A is a finitely generated B-module and Nakayama’s lemma,
ΩB/A = 0.

Remark 3.7.5. The equivalence condition in exercise 3.7.4 is definition 41.3.1. of The Stacks
Project. Nagata’s definition only requires mB = n and A/m → B/n is a separable algebraic
extension.

Definition 3.7.6. Assume that A → B is finitely generated/finitely presented. We say that B is
unramified over A near Q if there exists b ∈ B −Q, a ∈ A− P such that Aa → Bb is unramified.
(Note that this is equivalent to the condition A → Bb is unramified since A → Aa is unramified
anyway).
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Note that if f : A→ B is unramified, so isA/f−1(0)→ B. BecauseB⊗AB = B⊗A/f−1(0)B.

Lemma 3.7.6. (Corollary of ZMT) Suppose that A → B is a finitely generated map. Q ∈
Spec(B). P = Q ∩ A. Suppose that Q is isolated over P . Then there exists a module finite
subextension B′ of B and c′ ∈ B −Q ∩B′ such that B′

c′ = Bc′ .

Proof. Let C be the integral closure of A in B. Assume Q̃ = Q∩C. Then Q is isolated over Q̃, C
is integrally closed in B and B is a finitely generated C-algebra. By theorem 2.2.1 (ZMT), there
exists c′ ∈ C−Q̃ such thatCc′ = Bc′ . B = A[x1, ..., xn] for xi = ci/c

ti . TakeB′ = A[c1, ..., cn, c
′].

Since c1, ..., cn, c are integral over A, B′ is a finite extension over A. And B′
c′ = Cc′ = Bc′ .

Lemma 3.7.7. Let k be a field. A is a finitely generated Artinian algebra over k. let m1, ...,mn be
the maximal ideals ofA. A = Am1×· · ·×Amn = A1×· · ·×An. Assume thatA1 = k(α) is a finite
extension of k. Let γ = (α, 0, 0, ..., 0) ∈ A. Let q = m1 ∩ k[γ]. Then k[γ]q = Aq = Am1 = A1.
(Warning: If A = B × C, the prime ideals in A are of the form P × C or B ×Q.)

Proof. content...

Theorem 3.7.8 [SGA 1]. If A → B is a finitely generated map. Q ∈ Spec(B) and p = Q ∩ A.
B is unramified near Q if and only if there exists b ∈ B −Q and a ∈ A− p such that

C = Aa[x]/(F (x))g → Bb

where C is standard étale over Aa, is onto.

Proof. It suffices to show ⇒. If we can show that there exists a standard étale algebra over AP

such that
AP [x]/(F (x))g → BbP

is onto, then there exists a ∈ AP such that Aa[x]/(F (x))g → Bab is onto. Hence we can assume
A is local and Q ∩ A = m. By lemma 3.7.6, we can assume that B is a finitely generated A-
module. So k = k(p) → B/mB is Artinian. Using a general fact of Artinian rings, B/mB =
L1×L2×L3×· · ·×Ln. Then (B/mB)Q = L is a local ring which is also unramified over k. Thus
L is a finite separated field extension of k. (One may argue that the finitely generated condition
here is unnecessary because one may pass to a principle localization of B/mB which is already
unramified over k. However, we need the finitely generated condition in the following.) By the
above, we may assumeB/mB = L×L1×L2×· · ·×Ln where L = k(α). Let γ = (α, 0, 0, ..., 0).
Choose a lift θ of γ in B. We claim that if A[θ]q = BQ for q = A[θ] ∩ Q. This claim will allow
us to pass to A[θ], i.e., generated by a single element. Now we prove the claim. First note that
A[θ]/mB ∩ A[θ] = k[γ] ↪−→ B/mB. By lemma 3.7.7, k[γ]q = (B/mB)q = (B/mB)Q = L. By
Nakayama’s lemma, A[θ]q = Bq since A[θ]q → Bq is finite. Thus Bq is local and Bq = BQ =
A[θ]q. This proves the claim. We may assume that B = A[θ]. It is clear that A[θ]/mA[θ] = k[θ]
is a finite dimensional vector space over k. By Nakayama’s lemma again, we may assume that
1, θ, ..., θt−1 generates A[θ] as an A-module. So θt =

∑
1≤i≤t−1 aiθ

i. Consider the following map,

C = A[x]/(F (x))
η−→ A[θ] = B
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Denote n = η−1(Q) where Q ⊂ B. By comparing the dimensions, C/mC = k[x]/(F (x)) ≃
A[θ]/mA[θ], i.e., k ⊗A C ≃ k ⊗A B. So L ⊗A C ≃ L ⊗A B where k → L = k(α). Then
ΩC/A⊗Ak = Ω C

mC
/k = Ω B

mB
/k = ΩB/A⊗Ak. Moreover, ΩCn/A⊗Cn/nCn ≃ ΩBQ/A⊗BQ/QBQ =

0. By Nakayama, ΩCn/A = 0 since it is a finitely generated Cn-module. By the exact sequence

(F )/(F )2
d−→ ΩA[x]/A ⊗ C → ΩC/A → 0

ΩC/A = C/(F ′(x)). Since (ΩC/A)n = 0, F ′(x) /∈ n. Therefor, there exists an onto map

(A[x]/F (x))n → BQ

such that F ′(x) /∈ n. This proves the theorem by choosing an element in n.

3.8 03/08/2022
Theorem 3.8.1 (Structure Theorem for Étale Extensions). Let S be a finitely presentedR-algebra.
The followings are equivalent,

(i) R→ S is étale.

(ii) R→ S is flat and unramified.

(iii) R→ S is flat and ΩR/S = 0.

(iv) For any Q ∈ Spec(S), P = Q ∩ R, there exists b ∈ S − Q and a ∈ R − P such that
Sb = Ra[x]/(F (x))g where F (x) is monic and F ′(x) is a unit.

Proof. (ii)⇔ (iii) is clear. (iv)⇒ (iii) by the fact that flatness is a local property.
(iii)⇒ (iv). By theorem 3.7.8., Ra[x]/(F (x))g

η−→ Sb is onto. Let I = ker(η), n = η−1(Q). We
have the exact sequence

0→ In → Cn → SQ → 0

Since Rp → SQ is flat,

0→ In ⊗ k(p)→ Cn ⊗ k(p)
η−→ SQ ⊗ k(p)→ 0

By the construction of η in theorem 3.7.8, η is an isomorphism. So In/mIn = 0. By Nakayama’s
lemma, In = 0.
(i)⇒ (iv). There is a exact sequence,

0→ I → Ra[x]/(F (x))g = C → SQ → 0

Localizing it at Q, we get
0→ In/I

2
n → Cn/I

2
nCn → SQ → 0
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Consider the following diagram
Rp SQ

Cn/I
2
nCn SQ

étale

η̃

η

This gives us a splitting of the exact sequence above. And by theorem 3.3.10 (iii), there is a split
exact sequence,

0→ In/I
2
n → ΩCn/R ⊗ Cn/ICn → ΩSQ/R → 0

Since ΩCn/R = 0 and ΩSQ/R = 0, In/I2n = 0. Thus In = 0.
(iv)⇒ (i). The existence of a lifting is local.

Exercise 3.8.2. Suppose that R and S are local rings. The map R → S is flat and essentially
étale, i.e., (R[x]/F (x))n = S where n is a maximal ideal. Then

1. R is reduced if and only if S is reduced.

2. R is regular if and only if S is regular.

3. If R satisfies Si (for all prime ideal p in R, if ht(p) ≤ i, Rp is Cohen-Macaulay. If ht(p) > i,
depth(Rp) ≥ i), S satisfies Si.

4. R is Gorenstein if and only if S is Gorenstein.

5. R is normal if and only if S is normal. (Hint: Serre’s criterion)

Exercise 3.8.3. B is a normal local ring if and only if B = B1 × · · · × Br where each Bi is a
normal domain.

3.9 03/10/2022
Let R be a commutative ring. Consider the map ϕ : Rn → Rm where ϕ = (rij)n×m. Denote

the ideal generated by t× t minors of ϕ by Itϕ. Then It(ϕ ◦ψ) ⊂ It(ϕ)It(ψ). Indeed, ∧t(ϕ ◦ψ) =
∧t(ϕ) ◦ ∧t(ψ).

If u : Rn → Rn is invertible, It(u) = R. Indeed, R = It(id) = It(uu
−1) ⊂ It(u)It(u

−1).
Moreover, It(uϕ) ⊂ It(u)It(ϕ) = It(ϕ) = It(u

−1uϕ) ⊂ It(u
−1)It(uϕ) = It(uϕ). So It(uϕ) =

It(ϕ). Similarly, It(ϕu) = It(ϕ). In particular, It(ϕ) is invariant under column operations.
Suppose that R is a local ring. ϕ : Rn → Rm. If ϕ does not have all entries in m. Then by row

and column operations, ϕ can be transformed into[
I 0
0 W

]
where I is the identity matrix and W has all entries in m. It is also clear that coker(ϕ) =
coker(W ).
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Exercise 3.9.1. Let (R,m) be a local ring. ϕ : Rm → Rn is a ring map. Then coker(ϕ) is free of
rank d if and only if In−d(ϕ) = R and In−d+1(ϕ) = 0. Moreover, the following are equivalent,

1. The rank of coker(ϕ) is n−m.

2. Im = R.

3. Some m×m minor of ϕ is a unit.

4. Some m×m minor of ϕ ̸= 0 in k.

5. rank ϕ = m.

6. There exists a free submodule Rm of as a complement of coker(ϕ).

Proof. If coker(ϕ) is free of rank d, by considering mod m case, I has to be a (n− d)× (n− d)
matrix. Since coker(ϕ) = coker(W ), W = 0. This proves the first statement. Then it is clear that
1-5 are equivalent. 6 implies 5 by considering mod m.

Exercise 3.9.1 is simple but it plays a very important role in the proof of many theorems below.

Exercise 3.9.2. Let R be a commutative ring. M is a finitely presented R-module. Assume that
Mp is free of rank t over Rp. Then there exists s ∈ R− p such that Ms is a free Rs module of rank
t.

Lemma 3.9.2. Let R→ S be a map of commutative rings. Suppose that R→ T is quasi-smooth
and S = T/I . Then S is quasi-smooth over R if and only if η : T/I2 → T/I = S has a R-algebra
splitting, i.e., η ◦ v = IdS .

Proof. (⇒)
R T/I = S

T/I2 S

Idg

η

(⇐)

R T S

C C/J

f

g

η

f

λ

In the diagram, η ◦ f = λ ◦ g. So g(I) ⊂ J . g(I2) ⊂ J2 = 0. In other words, g factor through
g : T/I2 → C. Take g̃ = g ◦ v : S → C.

Definition 3.9.3. Let R → S be finitely presented. q ∈ Spec(S). p = q ∩ R. We say that S is
smooth near q over R if there exists a ∈ R− p and b ∈ S − q such that Ra → Sb is smooth.

Definition 3.9.4. Let R → S be finitely presented. Q a prime ideal in S. Suppose that we
choose a presentation S = R[x1, ..., xn]/I where I is finitely generated. Let Q̃ be a lift of Q in
R[x1, ..., xn]. Let h(Q) be the minimal number of generators of IQ̃ in R[x1, ..., xn]Q̃.
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Theorem 3.9.5 (Jacobian criterion for smoothness). Let R→ S be finitely presented. Q a prime
ideal in S. Then S is smooth near Q over R if and only if (ΩS/R)Q = ΩSQ/R is a free SQ module
of rank n− h(Q) if and only if SQ is essentially smooth over R.

Proof. Replacing S by Sb and R by Ra. We can assume that R→ S is smooth. On the other hand,
by lemma 3.9.2, R→ S is smooth if and only if for T = R[x1, ..., xn],

0→ I/I2 → T/I2 → T/I = S

splits. Equivalently, by theorem 3.3.10,

0→ I/I2 → ΩT/R ⊗ S = Sn → ΩS/R → 0

splits. Localizing at Q. it follows that IQ̃/I
2
Q̃

is a free SQ-module of rank h(Q). So ΩSQ/R is free
and rank(ΩSQ/R) = n− h(Q). The other direction is very similar.

Example 3.9.6. Let R = k[x]/(xp−a). Then ΩR/k = R since I/I2 d−→ Ωk[x]/k⊗R→ ΩR/k → 0
is exact and d = 0.

Theorem 3.9.7 (Structure of Smooth Extension). Let R → S be a finitely presented ring homo-
morphism. The following are equivalent,

(i) R→ S is smooth.

(ii) For all Q ∈ S, P = Q ∩ R, there exists a ∈ R − P and b ∈ S − Q such that Ra → Sb is
obtained by first taking a polynomial extension of Ra then taking an étale extension.

(iii) For all Q ∈ S, P = Q ∩ R, RP → SQ is obtained by first taking a polynomial extension of
RP then taking an étale extension.

Proof. From the proof of theorem 3.9.5, the sequence

0→ IQ̃/I
2
Q̃
→ Sn

Q → ΩSQ/R → 0

splits. rank(IQ̃/I
2
Q̃
) = h(Q) and rank(ΩSQ/R) = n−h(Q). Let t = h(Q). Suppose that F1, ..., Ft

generate IQ̃/I
2
Q̃

minimally. Consider the map

IQ̃/I
2
Q̃
→ ΩTQ̃/R ⊗ SQ̃, Fi 7→

∑
1≤j≤n

∂Fi

∂xj
dxj

Denote the Jacobian in S by J = (
∂Fj

∂xi
). Note that ΩSQ/R = coker(JQ). Since the above sequence

splits if and only if there exists a t × t invertible minor of JQ, we may choose x1, ..., xt such that
det(

∂Fj

∂xi
)1≤j≤t,1≤i≤t is a unit in SQ. By delocalizing, we get

Ra → A = Ra[xt+1, ..., xn]
étale−−→ A[x1, ..., xt]/(F1, ..., Ft)det( ∂Fj

∂xi
)
→ Sb

The second map is étale since the Jacobian is invertibe (hence the extension is finite separable).
The third map is a localization.
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3.10 03/22/2022
Corollary 3.10.1 . If R→ S is smooth, R→ S is flat.

Proof. This follows from theorem 3.9.7 and the fact that being étale is local property.

Remark 3.10.2. Let (R,m) be a local ring. dim(R) = d. The following are equivalent,

(i) R is regular local.

(ii) Gm(R) = R/m⊕m/m2⊕m2/m3⊕ · · · ⊕mn/mn+1 · · · . Then there exists s > 0 such that
k[x1, ..., xs] ≃ Gm(R).

(iii) k[x1, ..., xd] ≃ Gm(R).

(iv) pdR(k) <∞.

(v) gldimR(A) = sup pdR(M) = dimR <∞.

Exercise 3.10.3.

(i) k[x1, ..., xn](x1, ..., xn) is regular local.

(ii) R = k[x, y, u, v]/(xy − uv)(x,y,u,v) is not regular local.

Proof. For (i), apply remark 3.10.2 (ii). For (ii), note that dim(R) = 3 while dimk(m/m
2) =

4.

Corollary 3.10.4 . If R is regular local, R is a domain.

Proof. Remark 3.10.2 (ii).

Theorem 3.10.5 . If R is regular local, so is Rp for all prime p in R.

Definition 3.10.6. (R,m) regular local ring of dimension n. Any minimal set of generators
{x1, ..., xn} of m is called a regular system of parameters.

Exercise 3.10.7. Suppose (R,m) regular local ring of dimension n. {x1, ..., xn} is a subset of m.
The following are equivalent,

(i) x1, ..., xn form a part of regular system of parameters of R.

(ii) R/(x1, ..., xi) is a regular local ring of dimension dim(R)− i.

Proof. (i) ⇒ (ii). Note that (xi+1, ..., xn) generates m/(x1, ..., xi) minimally. This implies that
dim(R/(x1, ..., xi)) ≤ n − i. On the other hand, dim(R/(x1, ..., xi)) ≥ n − i by counting the
primes. Therefore dim(R/(x1, ..., xi)) = n − i and (xi+1, ..., xn) forms a regular system of pa-
rameter of R/(x1, ..., xi).
(ii)⇒ (i). R/(x1, ..., xn) is a regular local ring of dimension 0. Thus is a field. So (x1, ..., xn) is
the maximal ideal of R.
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Exercise 3.10.8. Suppose that R is regular local ring. And that J ⊂ m is an ideal. Then R/J is
a regular local ring if and only if J = (x1, ..., xi) where x1, ..., xi forms a part of regular system of
parameters.

Proof. (⇐) follows directly from exercise 3.10.7. (⇒). Suppose R/J is regular, we may pick a
regular system of parameters {x1, ..., xn} of R such that {x1, ..., xi} are contained in J . Consider
R/(x1, ...., xi). This ring is regular of dimension n − i by exercise 3.10.7. Moreover, by exercise
3.10.7 again, xi+1,...,xn is a regular system of parameter of R/J . So dim(R/(x1, ..., xi, xi+1)) =
dim(R/(J + xi+1)) = n − i − 1. So dim(R/J) = n − i − 1 + 1 = n − i = dimR/(x1, ..., xi).
Therefore J = (x1, ..., xi) since R/J and R/(x1, ..., xi) are regular.

Theorem 3.10.9 (Smoothness over algebraically closed fields). Suppose that k is an algebraically
closed field. R is a finitely generated k-algebra. Then the following are equivalent,

(i) k → R is smooth.

(ii) For all maximal ideal q of R, Rq is a regular local ring.

(iii) ΩRq/k = (ΩR/k)q is a free Rq-module of rank dim(Rq).

Proof. (i)⇒ (ii). Suppose R = k[x1, ..., xn]/I . We want to show that Rq is a regular local ring.
By exercise 3.10.8, it suffices to show IQ is generated by a part of regular system of parameters
of k[x1, ..., xn]Q. Suppose IQ is generated by {f1, ..., fr}. Note that in Q/Q2, fi = li where li
is the linear term. f1, ..., fr form a part of regular system of parameters if and only if l1, ..., lr
form a linearly independent set of in Q/Q2. d(fi) =

∑ ∂fi
∂xj
dxj =

∑
∂li
∂xj
dxj + ... =

∑
aijdxj .

(d : IQ/I
2
Q → Ωk[x1,...,xn]/k ⊗k[x1,...,xn] R/q = ⊕1≤i≤nk). Since k → R is smooth, by the proof

of Jacobian criterion, [aij], i.e., d has independent columns. Therefore f1, ...., fr form a part of
regular system of parameters.

(ii)⇒ (iii). Reverse the argument in the previous step.
(iii) ⇒ (i). Suppose that rank(ΩRq/k) = dim(Rq) = n − ht(IQ). Let t = ht(IQ), (f1, ..., fr)
generates IQ minimally (t ≤ r). We will show that t = r. Note that J = [

∂fj
∂xi

]r×t has full rank t.
Thus by the same argument in the first part of the proof, f1, ..., ft form a part of regular system of
parameters. Consider the quotient map k[x1, ..., xn]Q/(f1, ..., ft) → k[x1, ..., xn]Q/IQ. Note that
both rings are regular and have the same dimension n−t. So they are isomorphic. IQ = (f1, ..., ft).
Then (i) follows from the Jacobian criterion.

3.11 03/24/2022
Definition 3.11.1. Let k be a field. R is a finitely generated k-algebra. R is called geometrically
regular if for all finite field extension k′ over k, k′ ⊗k R is regular. Equivalently, for all field
extension k′ over k, k′ ⊗k R is regular.

Remark 3.11.2. If R is not a k-algebra essentially of finite type. Then we define the geometric
regularity by considering finite field extensions over k.
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Example 3.11.3. For example, Q→ Q is not essentially of finite type. And Q→ Q⊗Q Q is not
even noetherian. (See exercise 3.5.5).

Suppose that (R,m) is a regular local ring over k where k is a field of characteristic 0. K =
R/m. And [k′ : k] < ∞. Then A = k′ ⊗k K = Am1 ⊕ ... ⊕ Amn is Artinian. Since k′ ⊗k K is
reduced (lemma 3.4.11), A = k1, ..., kn is a field. mR′ = m′

1 ∩ ... ∩m′
n where R′ = k′ ⊗k R and

m′
i are the maximal ideals of R′ lifting mi. So the maximal ideal of R′

m′
1

is generated by mR′
m′

1
.

Since R′ is a finitely generated R-module, dim(Rm) = dim(R′
m′

1
). By considering the number

of minimal generators of m′
1, we may conclude that R′

m′
1

is also regular. Thus, in characteristic 0,
regularity is equivalent to geometric regularity.

Theorem 3.11.4 (Smoothness over a field). Let R be a finitely generated k-algebra. The follow-
ings are equivalent,

(i) R is a smooth over k.

(ii) For all field extension L over k, the map L→ L⊗k R is smooth.

(iii) There exists algebraic closed field k such that k ⊗k R is regular.

(iv) For all field extension L over k, L⊗k R is regular, i.e., R is geometric regular over k.

(v) For all maximal ideal Q of Spec(R), ΩRQ/k is a free RQ-module of rank dim(RQ).

Proof. It is clear that (i) and (ii) are equivalent. (ii) implies (iii) by theorem 3.10.9.
(iii)⇒ (iv) It is enough to show that for any finite field extension L over k, L⊗kR is regular. Since
k is algebraically closed over k, we may assume that L is contained in k. Since L→ k is faithfully
flat, A = L ⊗k R → A′ = k ⊗k R is also faithfully flat. Let Q be a maximal ideal of A, Q′ be a
prime ideal ofA′ lying overQ (This is possible because A→ A′ is an integral extension). Let F =
AQ/m. Since A′

Q′/mA′
Q′/m is a local ring of dimension 0, A′

Q′/mA′
Q′ = A′

Q′/Q′A′
Q′ = G. Then

Tor
A′

Q′
i (G,G) = 0 for i >> 0 since A′

Q′ is regular (and hence G has finite projective dimension).

Moreover, since Tor
A′

Q′
i (G,G) = Tor

AQ

i (F, F ) ⊗ A′
Q′ = 0 for i >> 0, TorAQ

i (F, F ) = 0 for
i >> 0 by the fact that AQ → A′

Q′ is faithfully flat. And this implies that L⊗k R is regular for all
L.
(iv) ⇒ (v) Recall that A′ = k ⊗k R is finitely generated over k and is regular. Thus the map
k → A′ is smooth. Note that the map R → A′ is integral. For any maximal ideal q ⊂ R,
we can find a maximal ideal Q ⊂ A′ lying over it. By theorem 3.10.9, ΩA′

Q/k is a free A′
Q

module of rank dim(A′
Q) = dim(RQ) (integral extension). On the other hand, ΩRq/k ⊗Rq A

′
Q =

ΩRq/k⊗kk
′⊗k′A

′
Q = ΩA′

Q/k. Hence by lemma 3.11.5, ΩRq/k is a freeRq-module of rank dim(Rq).
(v)⇒ (i). Let R = k[x1, ..., xn]/I . Let q be a maximal ideal of R, Q be a lift of q in k[x1, ..., xn].
Consider the sequence,

IQ/I
2
Q → ⊕1≤i≤nRq → ΩRq/k → 0 (⋆)

where by assumption, ΩRq/k is free of rank dim(Rq). By tensoring with A′
Q′ , we have

IQ′/I2Q′ → ⊕1≤i≤nA
′
Q′ → ΩA′

Q′/k
→ 0
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This sequence is split exact since rankA′
Q′ (ΩA′

Q′ ) = rankRq(ΩRq) = dim(A′
Q′) = dim(Rq). By

faithfully flatness, (⋆) splits.

Lemma 3.11.5. Let A→ A′ be a faithfully flat local map. Suppose that M is a finitely generated
A-module. Then M ⊗A A

′ is free of rank n if and only if M is free of rank n.

Proof. Suppose that M ⊗A A
′ is free of rank n. Then (M ⊗A A

′)⊗A′ A′/m′ is an n-dimensional
vector space over A′/m′. Note that dim(M ⊗A A/m⊗A/m A

′/m′) = dimA/m(M/mM) = n. By
Nakayama’s lemma, M is generated by n elements. So we have the following exact sequence,

0→ N → ⊕1≤i≤nAei →M → 0

Tensoring with A′, the following sequence is exact

0→ N ⊗A A
′ → ⊕1≤i≤nA

′ei →M ⊗A A
′ → 0

By assumption, N ⊗A A
′ = 0. So N = 0 by faithfully flatness.

3.12 03/29/2022
Definition 3.12.1. Let f : R → S be a finitely presented ring map. S is called geometrically
regular over R if f is flat and for all p ∈ Spec(R), k(p) → k(p) ⊗R S is geometrically regular.
(flat + geometric regular in fibers).

Theorem 3.12.2 (Smoothness over arbitrary rings). Let f : R → S be a finitely presented ring
map. The following are equivalent,

(i) R→ S is smooth.

(ii) f is flat and for all p ∈ Spec(R). k(p)→ k(p)⊗R S is smooth, i.e., R→ S is geometrically
regular.

(iii) f is flat and for all maximal ideals q of S, let p = q ∩ R, ΩSq/R is a free Sq-module of rank
dim(Sq/pSq). (flat + has the ’correct’ relative dimension).

Proof. (i)⇒ (ii) is clear by corollary 3.10.1 and theorem 3.11.4.
(ii)⇒ (iii) by theorem 3.11.4.
(iii) ⇒ (i) Suppose that S = R[x1, ..., xn]/I . Q is the lift of Q in R[x1, ..., xn]. Note that the
sequence 0 → IQ → R[x1, ..., xn]Q → Sq → 0 is exact. Since S is a flat R-module, Sq is a flat
Rp-module. Then TorRp

1 (k(p), Sq) = 0. So by tensoring with k(p), the sequence

0→ IQ/pIQ → k(p)[x1, ..., xn]Q → Sq/pSq → 0

is exact. By assumption, rankSq(ΩSq/R) = rank(Ω Sq
pSq

/R
) = rank(Ω Sq

pSq
/k(p)

) = dim(Sq/pSq).

So the sequence comparing the modules of differentials

0→ IQ/(pIQ + I2Q)→
⊕
n

Sq

pSq

→ Ω Sq
pSq

/k(p)
→ 0 (⋆)
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is split exact. Note that IQ/(pIQ + I2Q) is a free Sq

pSq
-module being projective over a local ring. By

exercise 3.9.1, (⋆) is split exact if and only if the corresponding mod-Q sequence is split exact.
And this is true if and only if the following mod-0 sequence is split exact by exercise 3.9.1 again,

0→ IQ/I
2
Q →

⊕
n

Sq → ΩSq/R → 0

Thus Sq is smooth overR for all maximal ideal q. Since smoothness if a local property, S is smooth
over R.

Exercise 3.12.3. Let S = k[x1, ..., xn]. Take f1, ...., fn ∈ S and denote k[f1, ..., fn] by R. Sup-
pose that det( ∂fi

∂xj
) is a unit in k. Show that R → S is étale (i.e., flat + unramified). Moreover,

show that f1, ..., fn are algebraically independent over k.

Remark 3.12.4. For a map of varieties f : X → Y over C. Mumford showed that f is étale if
and only if f̃ is a local isomorphism where f̃ is the induced map on the complex analytic space.
So exercise 3.12.4 is the analogue of the implicit function theorem.

Exercise 3.12.5. Prove the statement of remark 3.12.4 in The Red Book in Algebraic Geometry
by Mumford on étale and smooth morphism independently.

Definition 3.12.6. Let f : (A,m)→ (B, n) be a local map. B is essentially of finite type over A.
Then B is called a pointed étale morphism if

(i) f is étale.

(ii) A/m ≃ B/n.

Recall that f is étale if and only if n = mB and A/m→ B/n is a finite separable extension.

Exercise 3.12.7. If A→ B is a pointed étale extension, Â ≃ B̂.

Proof. Consider the natural map fi : A/mi → B/ni. We will show that there is an inverse of fi
for all i. We construct this map inductively. For i = 1, take g1 : B/n→ A/m. For i ≥ 2, consider
the following lifting problem,

A B

A/mi A/mi−1

B/ni B/ni−1

f

gi−1
gi

fi fi−1

Both the upper and lower squares have a unique solution gi and η since A→ B is étale. Note that
gi factor through B/ni since gi(miB) = gi(n

iB) vanishes. By abuse of notation, we also call the
factor gi : B/ni → A/mi. It is clear that gi : B/ni → A/mi is compatible with gi−1 : B/n

i−1 →
A/mi−1 by tracing the upper square. Moreover, fi ◦ gi : B/ni → B/ni is the identity map by
the uniqueness of η. This shows that gi is a compatible system of inverse of fi. And in particular,
Â ≃ B̂.
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Chapter 4

Henselian Rings and Henselization

4.1 03/29/2022
Definition 4.1.1. (Henselian local rings) See proposition 1.1.1.

Definition 4.1.2. S is a semilocal ring if it has only finitely many maximal ideals. We say that S
decomposes if S = S1×S2×· · ·×Sn where Si is a local ring. Note that in this case, if m1, ...,mn

are the maximal ideals of S, Si = Smi
.

Let (R,m) be a local ring. Suppose that R → S is a module finite extension. Then S is
semi-local. Indeed, let k = R/m. Then S/mS is a finite dimensional k-vector space. So S/mS is
Artinian. S/mS = (S/mS)m1 × · · · × (S/mS)mn . So m1, ...,mn are the only maximal ideals of
S.

Suppose that S = S1 × · · · × Sn. Then Si/mSi = (S/mS)mi
. This shows that Si is local.

Therefore, to show that S decomposes, it suffices to show that then idempotents associated to
(S/mS)m1 lifts to orthogonal idempotents in S.

Consider a special case S = R[x]/(F (x)). Let k = R/m. S/mS = k[x]/(f(x)) =
⊕k[x]/(gi(x)) where gi are the coprime factors of f(x). In this case, we have

Proposition 4.1.3 . S decomposes if and only if F = G1 · · ·Gr where Gi = gi.

Proof. (⇒) This direction is clear by Nakayama’s lemma.
(⇐) Suppose that S = S1 × · · · × Sr. Then Si/mSi = k[x]/((gi(x))) where deg(gi(x)) = di.
So {1, x, ..., xdi−1} form a basis of Si/mSi. Then Si is generated by {1, x, ..., xdi−1} as an R-
module (by Nakayama). xd =

∑di−1
i=0 rix

i in Si. Let Gi(x) = xd −
∑di−1

i=0 rix
i. Consider the map

R[x]→ S − i, x 7→ x. We have short exact sequence,

0→ Li → R[x]/Gi(x)→ Si → 0

Note that S is a free R-module. Then Si is also a free R-module since it is projective over the local
ring R. In particular, Si is R-flat. TorR1 (Si, R/m) = 0. So by tensoring with R/m,

0→ Li/mLi → k[x]/Gi(x)→ Si/mSi → 0

The quotient map above is actually an isomorphism. So Li = mLi. Li = 0. This implies that
R[x]/Gi(x) ≃ Si. And thus Gi(x) = gi(x). Let H(x) = Gi(x)...Gr(x). Then H(x) = 0 ∈ S.
H(x) is monic and have the same degree with F (x). So F (x) = H(x). This completes the
proof.
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4.2 03/31/2022
Theorem 4.2.1 (Henselian local rings). Let (R,m, k) be a quasi-local ring. The following are
equivalent,

1. R is Henselian.

2. Every module finite extension S of R decomposes.

3. Every module finite free extension S of R decomposes.

4. Let S = R[x]/(F (x)). F is monic in R[x]. S decomposes.

5. Suppose that F (x) is monic in R[x]. If f(x) = F (x)mod m has a simple root λ in k, F (x)
has a root α in R such that α mod m = λ.

6. Let f : R → S be a local map between local rings. Suppose that S is a pointed étale
extension of R. Then f is an isomorphism.

7. For all n > 0, given that F1, ..., Fn ∈ R[x1, ..., xn]. If there exists (λ1, ...λn) ∈ kn such that
fi(λ1, ..., λn) = 0 and det( ∂fi

∂xj
)(λi, ..., λn) ̸= 0. Then F1 = F2 = ... = Fn = 0 has a unique

root (α1, ..., αn) ∈ Rn such that αi = λi mod m.

Proof. content...

4.3 04/05/2021
Exercise 4.3.1. 1. Let R be a quasi-local integral domain. S is a domain. Let R → S be a

integral extension. We proved in proposition 1.3.1 that S is quasi-local. Conversely, suppose
that S is a quasi-local integral domain. R → S is integral and S is local. Then show that R
is Henselian.

2. Let R be a quasi-local Henselian domain. R → S is integral. Then show that S is also
Henselian.

3. Let (R,m) be a quasi-local Henselian domain. R → S be a local map. Suppose that S is
quasi-local and S is integral over R. Then S is Henselian.

4. Let (R,m) be a local normal domain. p ∈ Spec(R) and p ̸= m. Then Rp is not Henselian.

5. Prove that the convergent power series ring C{x1, ..., xn} is Henselian. (Hint: use either
WPT or inverse function theorem).
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4.3.1 Henselization
Recall that for a local ring (R,m), R → R̂ is injective and faithfully flat. For a quasi-local

ring, the map exists but may fail to be injective or faithfully flat.
Here are some facts about the henselian local rings and pointed étale extension.

1. Consider the following diagram of quasi-local rings

R S

T (T ⊗R S)mT⊗RS+T⊗RmS

p.e.n

g

h

Suppose that the map R → S is a pointed étale extension and T is Henselian. Then h is a
pointed étale extension and hence an isomorphism by theorem 4.2.1. So g exists. Moreover,
HomR(S, T ) ≃ HomT ((T ⊗R S)n, T ) ≃ HomT (T, T ) = id. So h is unique.

2. The family of pointed étale extensions of (R,m) forms a directed family.

R S1

S2 (S1 ⊗R S2)mS1
⊗RS2+S2⊗RmS1

p.e.n

p.e.n p.e.n

p.e.n

3. Consider the diagram
R S

T

p.e.n

p.e.n
g

There exists at most one local R-algebra map S → T making the diagram commute.
(Noetherian case)

R S

T R̂

p.e.n

p.e.n fϕ1

ϕ2
g

f and g are the unique maps in part 1. They are injections since Ŝ = R̂ = T̂ . So ϕ1 = ϕ2.
(Non-noetherian case)

R S

T/m2
T T/mT = S/mS = R/mR

p.e.n

ϕ1

ϕ2

ϕ1 − ϕ2 is a map S → mT/m
2
T . Check that ϕ1 − ϕ2 is a R-derivation. Since ΩS/R = 0,

Hom(ΩS/R,mT/m
2
T ) = DerR(S,mT/m

2
T ) = 0. So ϕ1 = ϕ2. Not Proved Yet.
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Definition 4.3.2. The Henselization of R, denoted by Rh, is defined by Rh = lim←−S p.e.n/R
S.

Some properties of henselization.

1. Rh is quasi-local. Rh/mRh = lim←−S/mS = k. Thus R → Rh is a flat local unramified
extension. (not étale because Rh is not finitely generated in general.)

2. Rh admits a unique R-module map to R̂ such that R̂h = R̂. Note that if R→ S is a pointed
étale extension, R̂ = Ŝ.
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